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Abstract

Boolean matrix factorization (BMF) provides an interpretable representation of bi-
nary matrix through a nonlinear Boolean product of two lower-dimensional binary fac-
tor matrices and arises in various applications. We study a probabilistic BMF model,
the Deterministic Input, Noisy output And gate (DINA) model, in the practically
important and challenging setting where the latent dimension is unknown. Existing
methods either assume the latent dimension is known or rely on latent-class represen-
tations whose complexity grows exponentially with the latent dimension. We propose
a scalable mean-field variational inference method that employs a cumulative shrinkage
process prior for latent-dimension selection with closed-form coordinate ascent updates,
allowing joint estimation of the two binary factor matrices and the unknown latent
dimension. The resulting algorithm has per-iteration cost linear in a user-specified up-
per bound on the latent dimension, making it suitable for high-dimensional, large-scale
problems. Theoretically, we establish sample-complexity guarantees for both a full-
parametrization variational estimator and the proposed mean-field algorithm, and we
prove a minimax lower bound that matches the upper bound up to logarithmic factors
in the small-noise regime. Extensive simulation studies illustrate accurate recovery and
favorable computational scalability. Applications to single-cell chromatin accessibility
data and educational assessment data illustrate cross-domain applicability and uncover
interpretable findings.

Keywords: Boolean matrix factorization; Binary latent feature models; Variational infer-
ence; Latent-dimension selection; Cumulative shrinkage process; DINA model.

1 Introduction
Boolean matrix factorization (BMF) seeks to represent a binary data matrix through a

Boolean product of two lower-dimensional binary factor matrices. Because Boolean prod-

ucts capture nonlinear conjunctive or disjunctive structure while preserving interpretability,



BMF has been used in machine learning and across a range of scientific domains, includ-
ing recommender systems, genomics, and behavioral data analysis (Miettinen and Vreeken,
2011; Rukat et al., 2017a; Wan et al., 2020; Miettinen and Neumann, 2021; Liang et al.,
2020; Haddad et al., 2018; Rukat et al., 2017b; Dzyabura and Hauser, 2011). An important
probabilistic instance of BMF is the Deterministic Input, Noisy output And gate (DINA)
model (Junker and Sijtsma, 2001), which combines Boolean factorization with observation
noise. We use DINA as the primary modeling and theoretical vehicle in this paper.

In educational testing, the DINA model is a fundamental cognitive diagnosis model
(CDMs; Rupp and Templin, 2008b; von Davier and Lee, 2019): the observed binary ma-
trix records item responses, one binary factor matrix represents subject-level latent skill
attribute mastery, and the other represents item-level attribute requirements, known in psy-
chometrics as the Q-matrix (Tatsuoka, 1983). Identifiability and estimation of the DINA
model have received substantial interest (see, e.g. Rupp and Templin, 2008a; de la Torre,
2009; DeCarlo, 2011; Chen et al., 2015; Culpepper, 2015; Chen et al., 2018; Yamaguchi and
Okada, 2020b). More generally, however, the same model can be viewed as a structured
conjunctive Boolean latent feature model for multivariate binary data. This places DINA
within probabilistic Boolean matrix factorization rather than a purely psychometric setting.

More broadly, existing approaches to probabilistic Boolean matrix factorization and re-
lated binary latent feature models face two recurring obstacles in the setting of unknown
latent dimension K and large observed dimension P. First, latent-state configurations often
grow exponentially with the number of binary latent attributes, making estimation and com-
putation increasingly difficult as the latent dimension increases. Second, principled mecha-
nisms for selecting the latent dimension while jointly estimating both binary factor matrices
remain limited. These challenges are especially acute in high-dimensional binary data, where
both the observed dimension and the latent dimension may be substantial.

Existing estimation methods for the DINA model illustrate the broader unknown-dimension



bottleneck described above. Likelihood-based approaches typically marginalize over all la-
tent attributes and are therefore primarily suited to fixed-dimensional settings (e.g., Chen
et al., 2015; Xu and Shang, 2018). The joint maximum likelihood approach of Gu and Xu
(2023) scales well to high-dimensional data by treating the latent attributes as fixed parame-
ters, but it still assumes that the true latent dimension is known. Bayesian MCMC methods
(Culpepper, 2015; Chen et al., 2018) provide a flexible alternative but become computation-
ally burdensome when the sample size (N), observed dimension (P), or latent dimension (K)
is large. As a result, scalable joint estimation of the two binary factor matrices together with
the unknown latent dimension remains unresolved in this setting.

Variational inference (VI) offers a natural alternative for scalable estimation, but existing
VI methods for DINA inherit a related combinatorial difficulty. Current approaches rely on
latent-class representations over all 2% binary attribute patterns, so the variational dimen-
sion grows exponentially with the number of latent attributes. For example, the variational
Bayes methods of Yamaguchi (2020) and Oka and Okada (2023) enumerate all binary at-
tribute patterns either at the subject level or within item-wise posterior updates, which limits
practical use to relatively small K. Related extensions to more general diagnostic classifi-
cation models and multiple-choice variants retain the same basic dependence on latent-class
representations (Yamaguchi and Okada, 2020a; Yamaguchi, 2020). Consequently, existing VI
approaches do not provide a scalable solution to unknown-K inference in high-dimensional
binary data. This gap is particularly consequential in modern applications, including settings
beyond educational testing such as single-cell genomics, where both the observed dimension
and the latent dimension may be substantial.

Our approach also differs from much of the broader VI literature for discrete latent
variable models. Existing work often addresses the non-differentiability and combinatorial
structure of discrete variables through stochastic optimization, including biased continuous

relaxations (Jang et al., 2016; Maddison et al., 2016) and unbiased score-function estimators



with variance reduction (Tucker et al., 2017; Yin and Zhou, 2019; Kunes et al., 2023). In
contrast, the Boolean factorization structure of DINA permits closed-form coordinate ascent
updates through analytic partial integration, in the spirit of the local expectation gradient
method (Michalis and Lézaro-Gredilla, 2015). This yields substantially simpler optimization

that simultaneously supports scalable inference and latent-dimension selection.

Our Contributions. Methodologically, we develop a scalable mean-field variational infer-
ence method for probabilistic Boolean matrix factorization with unknown latent dimension,
using the DINA model as a structured conjunctive instance. The method combines a cu-
mulative shrinkage process prior for latent-dimension selection with closed-form coordinate
ascent updates, yielding per-iteration cost O(N P K.y ), where K.« is a user-specified up-
per bound on the latent dimension. This provides a computationally efficient procedure for
jointly estimating the latent binary factor matrix, the binary loading matrix, and the la-
tent dimension in large-scale, high-dimensional binary data. Theoretically, we analyze both
a full-parametrization variational estimator and the proposed mean-field algorithm. We
establish sample-complexity guarantees for accurate recovery and derive a minimax lower
bound, showing that the resulting rates agree up to logarithmic factors, with near-minimax
optimality in the small-noise regime. Empirically, we evaluate the method through extensive
simulations and two real-data applications from educational assessment and single-cell ge-
nomics. Our development is carried out for the DINA model with the Noisy Boolean “And”
assumption, while the DINO model (Templin and Henson, 2006) with the Noisy Boolean
“Or” assumption is covered as a special case via reparametrization (§ 2). Extensions to
other probabilistic BMF models beyond DINA/DINO are discussed in § 7.

The rest of this manuscript is organized as follows. § 2 introduces the model setup and
background. § 3 proposes the variational inference method and discusses practical consid-
erations. § 4 presents theoretical guarantees of the proposed method. §§ 5 and 6 provide

simulation results and real data applications, respectively. § 7 concludes. Proofs of theoret-



ical results and additional numerical results are included in the Supplementary Material.

2 Model Setup

We adopt the following notations. For any positive integer M, denote [M] = {1,..., M }. For
a matrix M, denote its ith row by M, .. For two vectors @ = (a4, ...,ar) and b = (by,...,by)
of the same length, we write a = b if ¢; > b, for all [ € [L].

We consider an N x P binary data matrix Y = (Y;;) € {0,1}"*F] where rows index
subjects or samples and columns index items or features. Let A = (A;) € {0, 1}V*K denote
a binary latent-attribute matrix and let Q = (Q;x) € {0,1}7** denote a binary loading
matrix. The DINA model is a structured probabilistic Boolean matrix factorization model in
which the binary ideal response is generated through a conjunctive Boolean-And relationship
between the rows of A and Q. In educational testing, rows correspond to students, columns
to test questions, A records latent attribute mastery, and Q is known as the Q-matriz. More
generally, however, the same formulation applies to multivariate binary data whenever an
observed feature is likely to be active only if all required latent attributes are present.

Many standard matrix factorization models are based on inner products and additive
latent-factor contributions to the mean of an observed variable. In contrast, the DINA model
is governed by a Boolean product, so the latent attributes interact nonlinearly through a
highest-order conjunctive rule. This difference is central both statistically and computa-
tionally, which produces an interpretable binary loading structure while also leading to a
non-Gaussian latent-variable estimation problem.

The ideal response of subject i to item 7 is defined through the Boolean-And gate

K

K
Raxo(Aiy, Q) = 1A > Qe for all k € [K]) = [T A" = T](1 - (1 — Aw) Q).
k=1 k=1

where the final equality holds for all A;;, @, € {0,1}. The above ideal response equals 1 if

and only if A;, = 1 whenever QQj; = 1 for all k£ € [K]|. In educational testing, this means



a student gives the ideal response to an item only when all required latent attributes are

mastered. The DINA model likelihood is

P(Y;, qu,@j?swgg—(HAQ““>1—SJ (1—<HAQJ’“>>%, (1)

where s; and g; capture the item-specific noise levels, and are interpreted as slipping and
guessing parameters in the educational setting (Junker and Sijtsma, 2001): s; quantifies the
probability of a “careless mistake” despite mastering all required latent skills of item j, and
g; quantifies the probability of a “lucky guess” despite lacking some required skills.

The log-likelihood function forms the basis of our optimization objectives. To ease nota-

tion, we introduce the separate components of the log-likelihood function:

U1 (Yi;) = Yijlog(l — s;) + (1 — Yy;) log(s;), ¢a;(Yij) := Yi;log(g;) + (1 —Yi;) log(1 — gj).

where 1 ;(Y;;) and 15 ;(Y;;) are the log-likelihood of Y;; given the ideal response equal to 1

and 0, respectively. Accordingly, the joint log-likelihood function is

~~
[\
~—

LAQ =) D, [(HA%IC)@Z’LJ(Y%‘J') + <1 - HAScjk>¢2,j(5/ij) :

i=1 j=1 k=1

The DINO model (Templin and Henson, 2006) provides a complementary disjunctive
probabilistic Boolean matrix factorization formulation based on a Boolean-Or gate. Given

two binary factor matrices A and Q, the ideal response of subject i to feature j is

K
IRor(A;., Q;.) = 1(Ai > Qi for at least one k € | = H 1 — A Q]k

k=1

One can verify that

IRor(A;.,Q;:) =1 —IRaxnnp(1x — A, Q;),



so estimation procedures developed for DINA transfer directly to DINO through reparame-

terization. This extension is used in §6.2 for analyzing single-cell chromatin accessibility data.

3 New Variational Inference Algorithm

Given a latent variable model with the observed data Y and unobserved variables 0, varia-
tional inference (VI) is a Bayesian inference framework to approximate the posterior dis-
tribution P(@|Y) (Blei et al., 2017). VI defines a family of possible approximate dis-
tributions {V' : V' € V} and selects the closest to the posterior P(0]Y) via optimiza-
tion. The optimal approximation is obtained by minimizing the KL divergence, Vo=

arg miny . o Dxr, (V, PO Y)) .

Cumulative Shrinkage Prior to Select the Latent Dimension. We develop a new
scalable mean-field variational inference approach for the DINA model with an unknown
number of latent attributes K by introducing an increasing shrinkage prior on the Q ma-
trix. Specifically, we adopt the cumulative shrinkage process (CSP; Legramanti et al., 2020;
Legramanti, 2020), CSP is a spike-and-slab shrinkage prior where the spike probability is
stochastically increasing as the column index in the loading matrix (of a linear Gaussian
latent factor model) increases. For the binary factor matrix Q, we impose the following

prior distributions with an upper bound K., for its number of columns:

Qjr ~ (1 — ) - Bernoulli(0.5) + 7y, - Bernoulli (6), k=1,..., Kpax; (3)

k -1
Wk:Zwl; wl:mH(l—Vm); v~ Beta(l,k), [=1,..., Kpax — 1, (4)
=1 m=1

where 6 > 0 is a small constant close to zero and v, = 1. Eq. (4) gives a truncated
stick-breaking construction, and Eq. (3) imposes a spike-and-slab prior for @i, with a spike
distribution Bernoulli(d) concentrated at zero and a slab distribution Bernoulli(1/2). Intu-
itively, the spike models those inactive and redundant columns of Q and the slab models the

active columns. Here, K., is the maximum possible number of latent components, which



can be set to the observed feature dimension P if without further prior knowledge. Usually,
the true number of latent components can be much smaller than K ...
To facilitate a scalable coordinate ascent variational inference algorithm, we introduce

auxiliary categorical variables z1, ..., zk,... € [Kmax] similarly as Legramanti et al. (2020):

Qjr ~ (1 — 1(zx < k)) - Bernoulli(0.5) + 1(z; < k) - Bernoulli (0), & € [Kmax); ()

P(Zk = l) = wy, Vk,l S [Kmax]- (6)

The binary indicator 1(z; < k) characterizes the event that the kth column in Q is redun-
dant. We can derive full conditional distributions P(z, =1 | —) for all k,l € [Kax]-

The spike probability m, = P(z, < k) = Zle w; increases monotonically with k, so
higher-index columns of Q are a priori more likely to be in the spike (redundant) regime.
This is the cumulative shrinkage effect: the model is automatically pushed toward sparse
solutions where only the first few columns of Q are active.

There are two user-defined hyperparameters in Eqs. (3) and (4): x controls the prior
expected number of active columns of Q, and § > 0 is the Bernoulli probability for entries
of Q in a redundant column. In our numerical experiments, J is fixed to 0.01 and & is fixed
to 2, while K. is set as the number of features P, which is a computationally challenging
extreme case to avoid under-selection of K. Somewhat surprisingly, we find that in practice,
our proposed variational inference algorithm is not only scalable but also effective with min-
imal hyperparameter tuning. Indeed, recovery of the true latent dimension K is reasonably

accurate across all experimental settings with these fixed choices of hyperparameters. With

the likelihood in Eq. (1), the joint distribution of DINA model with CSP prior is

p(Y, A Q, zv;s,9)

:ZZ{ i | Aiy Qj38,9) ﬁ" [P Qji | z1)p(2k | Vi )P ]} ﬁxp (), (7)

i=1 j=1 k=1



with latent variables (A, Q, z, ) and model parameters (s, g).

Variational Inference Algorithm. The latent variables for the joint model are { A }ic[n] ke[Kumax] s
{Qjr}iciPlicKma> a5 Well as z = {z. )%, v = {120, We introduce parameters o =
(k) nxx and v = (yjx) pxk to approximate the posterior P(A, Q|Y) with the mean-field ap-
proximation V(A, Q;a,v) = [T, TTiey a(Aik; can) TTi—y TTier a(Qrs vie), where q(Au; air)
and q(Qjx; vjx) are Bernoulli distributions with parameters ai, v, € [0,1]. We let the one-
hot encoding for the z; in Eq. (6) to be zx = (2k1, .- -, 2Kk ), With 2z = 1if 2z, = 1. In
addition to the mean-field assumption on A and Q, we further assume the approximate poste-
riors for the CSP parameters: vy, ~ Beta(mo, 1) independently and zx = (21, - - -, ZkKay) ~
Categorical (g1, - - -, Prr,,, ) With Z{i“{ax O = 1.

Denote mo = {mo }p, m1 = {mup} i, and ¢ = {@}ric(ime. The variational distri-
bution V' (A, Q, z,v) factorizes as a product of independent Bernoulli, categorical, and Beta
distributions over all components; the full densities are given in Supplement S.2.

Together with the DINA model likelihood and the CSP prior, the evidence lower bound
(ELBO) for the proposed VI algorithm is:

ELBO(a, v, ¢, mp, m) =
N P/ Kmax
1
j=1

[Ja-a- aik)%’kz)) U1,;(Yiy) + (1 - ﬁx(l —(1- O‘ikz)’ij)>¢27j(Y;j)

k=1

=1

+ Z - <(1 — Z ¢kzl) log ( ) (Z ¢kz> vk log(0) + (1 — ;i) log(1 — (5))

=1 k=1
K max max l 1 Kmax
+ Z oulE,,, log (Vl H (1—vpy, ) + Z DE,, log(1 —v) + Hy (8)
k=1 I=1 m=1
= I’( a, 7, Qb 7T0,7T1)+HV, (9)
where L denotes the expected complete-data log-likelihood under V and Hy := — [logVav

is the entropy of V. The expected log-likelihood in the first row of Eq. (8) has a closed form



because the Boolean ideal response factors as [, Agjk = [[,(1 — (1 — A;)Qjx), enabling
analytic mean-field integration, see Supplement S.2. Throughout, we treat s and g as non-

random fixed parameters estimated by coordinate maximization of the ELBO.

Closed-form Coordinate Ascent Updates. Despite the seemingly heavy notation, each
group of variational parameters permits a closed-form coordinate ascent update, see Supple-
ment S.2. First-order conditions lead to the following updates for the posterior variational

Beta parameters of v:

Kmax Kmax Kmax

me=1 oo mi=ne 30 ) ol
I=1 m=k+1

for k =1,..., Ky — 1. For the categorical parameters, first-order conditions lead to the
following update:

t) Py, —1] — 10

Dr (2x | -) (10)

exp <Eﬂ(t n(logw) + Z] 1 ]tk Y log(7%5) 4+ Plog(1 — 5)), if [ < k;
o

exp (E,r(t,n(log w) + Plog(1 /2)), it > k.

The proportionality in Eq. (10) is across | € [Kpax] for each fixed k, with the normalizing
constant 3™ [.] making gb,(f) a proper probability vector. The two cases reflect the two
regimes introduced by the CSP prior: when z, = [ < k, column k is in the spike regime
(Qjx ~ Bernoulli(d)), and the data evidence 3 v;i log(d/(1—0)), which is large and negative
when column k is active, enters the update; when 2, = [ > k, column £ is in the slab regime
(Qjr ~ Bernoulli(1/2)) and the data contribute only the flat term Plog(1/2). Together,
the update ¢§3 weighs the prior w; against the data evidence for column k being active or
redundant, and the resulting 21, gzﬁ,(:% = P(zx < k| —) is the posterior probability that

column k is redundant. Denote by o(-) the sigmoid function with o(z) = 1/(1 4 e *). For

10



the variational parameters (7;;) of the binary matrix Q, the first-order conditions give:

e = 0(2 ( — (= ag) [T = = o™ >) ()

i=1 1£k
_ )
v ((1 —af ) I - (- o >>wz,g (Z o ”) o (25 )
Ik
= (Vo L (a0, 9170, g0 270 20, (1)

The term log(d/(1 —9)) in Eq. (11) is large and negative (since 6 ~ 0), acting as a
column-wise sparsity penalty: when Zle gb,(ff) ~ 1 (column k likely redundant), it drives
all 7](.}? toward zero. Conversely, small 7](.',2_1) across j causes Eq. (10) to concentrate mass
on | < k, reinforcing the penalty in the next iteration. This adaptive feedback resembles
non-convex penalized methods (Fan and Li, 2001; Zou, 2006; Rockovéa and George, 2016).

Finally, our updates for the variational parameters () for the binary matrix A are
ag,? = 0<Vaikl~)(a(t’1),'y(t’1),qb(t b, (()t 1),7T§t_1))>, where importantly, the gradient term
Vi, L@t A= pt=1), Wétil), 77?71)) has no dependence on angl), which facilitates com-
putation of the update.

The closed-form updates for s and g are determined by coordinate maximization of the
ELBO with all variational parameters («,~, ¢, 7) held fixed, see Supplement S.2; this is an
exact M-step for (s;,g;) given the current variational distribution. The update formulas
are given explicitly in Algorithm 1 (lines 10-11). To maintain identifiability and ensure
p = log((1 — s;)/g;) > 0, we require s;,g; € (0,1/2); in practice we project each update
onto this interval after each ELBO maximization step. We terminate Algorithm 1 when

the relative change in ELBO falls below a small threshold (e.g., 10*). We summarize the

complete updates in Algorithm 1, which we call the DINA-CSP algorithm.

Spectral Initialization with Varimax Rotation. The ELBO is highly nonconvex, so

a wise initialization is crucial to achieving a desirable convergence performance of the VI

11



Algorithm 1: Coordinate Ascent VI for DINA with a CSP Prior (DINA-CSP)
Data: Input data Y = (Y;)nxp, 0, £, Kmax
Result: 7, a, 7, gg, s, g

1 Initialization via top-K.x SVD followed by Varimax rotation;

2 while not converged do

3 for (j, k) € [P] X [Kpax] do
4 ’73(21? = O-<V’iji<04a77 ¢7 7]-07771)) ;
s | for (i,k) € [N] X [Kmax) do
6 &z(ltc) = 0<vaik[~’(a77> ¢a 7T077T1)> ;
7 for k € [Kp.x] do

for | € [Kax] do
9 if l> k+ 1 then
10 o5 = exp <]E7r<t—1)(10g wy) + Plog(l/Q));
11 if | <k+1 then
12 dr =

exp (e (logen) + 17 14 Tog(90) + (P 7, 74t ) log(1- ) );
13 normalize gb(t) — gbk / ZK““‘X qﬁ,(fl);
14 7T((),)€ =1+ ZK"““ (blfk b ;
Kmux Knlax t—1
15 B Wii =K+ 20" D mmi l(k: )
// Updates for slipping and guessing parameters s and g

16 | for je€[P]do
|| s = SR (I a-0-ai i)

i SN I (- (1—ady ”) Ve ”) ’

(0 _ i Yo (T 0-0af Vi)
AR (W T W)

~

18 return v, a, 7, ¢, S, g;

algorithm (Yin et al., 2020). We propose to initialize the variational parameters v of the
item-attribute matrix Q by a spectral method-based factor analysis with Varimax rotation
to encourage sparsity (Barber (2012), Algorithm 21.1). We then initialize the variational
parameters « of the matrix A by applying the update for o in Algorithm 1 until convergence
with v fixed, as detailed in Supplement S.5. Recently, Rohe and Zeng (2023) showed that

applying Varimax after a spectral method can recover the true latent structure under certain

12



semiparametric factor models with a linear latent structure.

When every row of Q is a canonical basis vector, the Boolean product (i.e., DINA ideal
response) reduces exactly to a linear factor model with binary latent factors, see Supple-
ment S.4, making Varimax-rotated principal components a principled initialization. Em-
pirically, this initialization leads to vast improvements over random initialization across all
settings, even when Q is denser than the simple-structure case. Finally, the binary latent
attributes in the vector A; may be correlated, and such a correlation structure can be incor-
porated in the variational distribution by modeling ¢(A;) either as the marginal distribution
of a hierarchical model, or by modeling it with full parameterization. However, due to the

intensive computation of such parameterizations, we defer the details to Supplement S.3.

4 Theoretical Guarantees

Previous studies proposed the necessary and sufficient conditions for the population identifia-
bility and estimability of the DINA model with either a known or unknown item-attribute ma-
trix Q (Gu and Xu, 2021). Under that traditional identifiability notion, the latent attributes
are treated as random variables and marginalized out. However, in the high-dimensional
(large P) regime in this work, we need to consider a different notion of estimability, when
the latent attributes A are treated as fixed parameters to be estimated. We develop several
theoretical results: (i) the sparsity pattern of Q is preserved by the best linear approxima-
tion (Proposition 1); (ii) the sample complexity for accurate recovery as fixed points of the
coordinate ascent algorithm (Theorem 1); and (iii) a minimax lower bound confirming rate

optimality up to logarithmic factors (Theorem 2).

Proposition 1 (Linear approximation to the Boolean ideal response). If Ay, ~;iq Bernoulli(1/2),

and define yn as the Px K matrix that minimaizes the error between the Boolean ideal response

13



matm’x(HkK:l( —(1=Ai)Qjk) )icin,jerp) and the low-rank approzimation (Zk L AiYik)ie[N] jelP):

2
=t min ﬁ Z Z (H Air)Qjr) Z Azwjk)

i=1 j=1

Then ynv — 7" = (Vip)jelp ke a8 N — 0o almost surely, with 1{v;, > 0} = Q for all
j=1,....,Pandk=1,..., K. Specifically, for j such that Zszl Qjr = 1, we have v, = Qji,
for all k € [K].

The proof is given in Supplement S.1. Proposition 1 establishes two things precisely.
First, for all items j, the sign pattern of the population minimizer matches Q: 1{7;»‘/,c >
0} = Q. Second, for simple-structure items (i.e., items loading on exactly one attribute
with », Qjx = 1), the population minimizer equals Q exactly: 7j, = Q. The result is
asymptotic (N — oo) and applies to the population-level solution +*, not directly to the
finite-sample Varimax estimator. The following proposition establishes the corresponding

finite-sample guarantee for simple-structure items.

Proposition 2 (Spectral initialization guarantee with simple-structure Q). Suppose Q has
a simple structure with every row being a canonical basis vector, s; = g; = s < 1/2, As-
sumptions 1 and 2 hold with constant =, and N < P. Then with probability at least 1 — &,
the Varimaz estimator vaimax Satisfies the initialization condition of Theorem 1,

’A(o) Q ’ <1 ( E:)1/K
max b — Q) — (1=
Ghelpixr | ok = 2 ’

provided N = Q( > This sample complexity is the dominant constraint for a complete
end-to-end guarantee: Theorem 1 itself requires only N = Q(1/(eZmin(e, p))), so Proposi-
tion 2 1s binding when K is large relative to e=. The proof, which uses Wedin’s theorem and

matrix Bernstein, is given in Supplement S.1.

For general Q with rows beyond canonical basis vectors, the highly nonlinear Boolean

14



product makes verifying the initialization condition of Theorem 1 challenging, so it remains
an open problem for future research. In practice, however, the spectral initialization achieves
good empirical performance across all settings (§ 5; see also Supplementary Figure S.2).
Next, we present theoretical results on estimating general A and Q matrices under the
noisy setting with slipping and guessing parameters s and g. We begin by proposing iden-
tifiability conditions for A and Q. To estimate A;;, we need Q(P) questions that student
i can “almost answer” (mastering all required skills except skill k), formalized in Assump-
tion 1. To estimate @;x, we analogously need Q(V) students who possess all skills required
by item j except skill &, formalized in Assumption 2. Throughout, f(n) = Q(g(n)) means

f(n) > cg(n) for some constant ¢ > 0 independent of N, P, K.

Assumption 1. For all (i, k) € [N] x [K], 25:1 Qi [ 114 Ag” = Q(P). This states that for
any student i and any latent skill k, there are Q(P) number of questions in the exam that the
student can “almost answer” in the sense that they possess all latent skills besides the skill
k. Note that this is automatically satisfied if for each skill k, there are Q(P) questions that
solely measure that skill. Further, for sufficiently large P, assume % Zle Qjk H#k Affﬂ > =

for some positive constant = € (0, 1).

i=1

Assumption 2. For all (j,k) € [P] x [K], SN, (1 — Ag) [Tz Agﬂ = Q(N). Further, for
sufficiently large N let + V(1 — Ag) [Tz Ag” > = for some positive =. This is the

analogous assumption to Assumption 1.

These are conditions on the true data-generating parameters (A, Q) and are not directly
verifiable from the observed data alone. They can be interpreted as structural diversity
conditions ensuring that each student-skill and item-skill pair is adequately represented;
Examples 1-3 illustrate structures under which they hold.

Assumption 1 and Assumption 2 can be thought of as identifiability assumptions. Sup-
pose Zle Qik Hl# Agﬂ = 0. Let Ay = Ay for all (i k') # (i,k) and Ay, = 1, Ay, = 0.
Further, let A be the matrix with entry (i, k) equal to A;,. Then: P(Y; A, Q) = P(Y; A, Q).

15



Hence the data distribution under A;, = 1 is indistinguishable from the data distribution
under A;;, = 0. Assumptions 1 and 2 are very mild, covering the identifiability condition in
Gu and Xu (2023) as a special case but more general than that. Specifically, the following

examples illustrate what structures of A and Q satisfy these assumptions.

Example 1. Suppose Q wvertically stacks C' copies of identity submatrices I. For C = 2,
we have Q = (Ig; Ix)". For a given k, we have Hl#, Afl?jk =1 for the rows ); with Qi = 1.
Hence, Assumption 1 is satisfied for any choice of A, as Zle Qjk Hl;ﬁk Agﬂ >C/P="E%,

where = := C'/P. This example covers the identifiability condition in Gu and Xu (2023).

Assumptions 1 and 2 do not require Q to contain any identity submatrix [x; Supple-
ment S.1gives two further examples (a dense A with arbitrary Q, and a paired-skill structure
Q = A) that satisfy both assumptions. Such relaxed conditions depart significantly from
existing identifiability analyses of the DINA model and related cognitive diagnostic models
in high-dimensional cases (Gu and Xu, 2021). Note that [, (1 — Agﬂ), the leave-one-out
ideal response, can be equivalently written as 1(A; > Qj for all [ € [K]\ {k}), so it indi-
cates whether student ¢ masters all required skills of question j besides the kth skill. = can
be thought of as the minimum (across i, k) fraction of questions (resp. students) that can
almost be answered by student ¢ if not considering skill &.

We present two complementary theoretical results on estimating A and Q, stated jointly
in Theorem 1. Part (A) is a statistical estimator result for the full-parametrization variational
algorithm described in Supplement S.2, which represents each row of A by a distribution
over all 2K binary patterns. This formulation yields an explicit estimator whose statistical
accuracy can be analyzed in the usual sense. Part (B) establishes the fized-point sample
complezity for the proposed Algorithm 1: it characterizes how many samples are needed for
the true parameters (A, Q) to emerge as fixed points of the coordinate ascent procedure.

Because the ELBO is non-convex, fixed points of Algorithm 1 need not be global maxi-

mizers. Nevertheless, characterizing the sample complexity of fixed points is a principled and
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established approach in the analysis of iterative statistical algorithms. The EM algorithm,
which shares the coordinate-ascent structure of Algorithm 1, has been studied via exactly
this framework (Balakrishnan et al., 2017): one establishes that when N and P exceed a
threshold, the truth becomes a fixed point, and argues that proper initialization then leads
the algorithm to return it as the estimate. We adopt the same strategy here. Establishing
global convergence guarantees (analogous to the spectral convergence theory of Zhang et al.
(2016) for simpler linear latent class models) requires controlling spectral properties of the
DINA likelihood that are technically prohibitive due to the Boolean higher-order interaction
structure, and we leave this as an important direction for future work.

Throughout, we make the following simplifying assumptions to facilitate the analysis:
(i) the slipping and guessing rates s; and g; are known (this simplification is standard in the
DINA theory literature; extending the analysis to unknown per-item rates is future work);
(i) s; = g; =t s < 3; (iii) K = Kpax, since Ay is non-identifiable when Q;; = 0 for all
j € [P] (without loss of generality in practice: Proposition 3 below shows that when the
true dimension K < K .., the CSP prior automatically identifies redundant columns at the
CAVI fixed point and drives their variational mass to zero). We write € := % — 5> 0 for the
signal level and p := log % > 0 for the log-odds discriminability. Both parts of Theorem 1
are proved via a Bernstein inequality and union-bound argument, following the proof style of

Zhang et al. (2016); the minimax lower bound in Theorem 2 is proved via Le Cam’s method.

Theorem 1 (Sample complexity of Algorithms 1 and 2). Adopt the notation €, p, and =
from the preceding discussion. Let M > 0 be a fized target accuracy and § € (0,1) be a target

failure probability. We state two results, for Algorithm 2 and Algorithm 1, respectively:

N\ 1/K

(A) Suppose that for all (j,k) € [P] x [K], it holds that |'yj(.2) — Qi <1-— ( - %) :
Then for estimates 7;, and X; obtained via a finite number of iterations of Algorithm 2,
where x; € A2~ s the variational distribution over all 25 binary patterns for student

i under the full parametrization, with probability at least 1 — &, for all (i, j, k) € [N] x
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[P] x [K], it holds that |7 — Qx| < M and m; := argmax(x;) = A;, provided that
N = Q(*), and P = Q(*) The dependence on M and £ is hidden in

€= min(e,p) €Z min(e,p)

logarithmic factors.*
(B) Suppose that for all (j, k) € [P] x [K] and (i, k) € [N] x [K],

0 €=\ /K 0 €=\ /K
oY) — Aul <1- (1—7> ; |%(-k)—ij| <1- (1—7> -
Then for estimates Q;, and 7;;, obtained via a finite number of iterations of Algorithm 1,

with probability at least 1 — &, for all (i, j,k) € [N] x [P] x [K],

Yk — Qjrl <M, Qi — A < M,
eZmin(e,p) e=Zmin(e,p)

provided N = Q(;) and P = 52(;) The dependence on M and £ 1is

hidden in logarithmic factors.

Proofs of Parts (A) and (B) are given in Supplement S.1. The two parts together show
that both the full-parametrization Algorithm 2 and the mean-field Algorithm 1 require
Q(1/(eZmin(e, p))) samples (the same rate) to accurately recover A and Q. This shared
rate reflects that the mean-field restriction does not inflate the sample complexity compared
to the unconstrained variational family.

Theorem 1 is stated under assumption (iii) (K = Kpax), meaning all K, columns
of Q are active. The following result shows this is without loss of generality: when the
true dimension K < K., the CSP mechanism in Algorithm 1 automatically identifies the
K active columns and suppresses the remaining K, — K redundant ones, recovering the

correct dimension at the fixed point.

Formally, f(n)

f(n) > cg(n) (logn)~
factors.

Q(g(n)) means that there exist constants ¢ > 0, k¥ > 0, and ng such that for all n > ng,
¥ In other words, f(n) is asymptotically bounded below by g(n) up to polylogarithmic
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Proposition 3 (CSP Column Selection Consistency). Let ¥y = 25:1%‘1@- Suppose § <
27VE and that (o, ~*, ¢*) is a fived point of Algorithm 1 at which ¥y > ZP for all k < K
(active columns) and X, < M for all k > K (redundant columns), for some 0 < M < PE.

Then:

(i) For each active column k < K, the posterior probability that the column is redundant

under the CSP prior satisfies Zle ¢y < Koax exp(—P[Z1og(1/6) — log2]).

(ii) For each redundant column k > K, the posterior probability that the column is active

satisfies S ¢t < Kynax exp(—P[log 2 — (M/P) log(1/5)]).
Both bounds decay exponentially in P, suggesting consistency of latent dimension selection.

Corollary 1 (Consistent Identification of the Latent Dimension). Under the conditions of
Theorem 1 (Parts A or B) and Proposition 3, with § < 2-Y=, the estimator K = [{k €
[Kmax] @ X > T}‘ with any threshold T € (M,ZP) satisfies K = K with probability at least
1 — & when N, P = Q(1/(eZmin(e, p))).

Next, we establish the minimax lower bound of the estimation problem, which shows

1
ep=

that accurate recovery using o(—=) samples is impossible.

Theorem 2 (Minimax lower bound). We show that ep= is the fundamental quantity that
determines the sample complexity. Let the parameter space © be the set of A and Q such
that Assumptions 1 and 2 hold (with constant =), assumed non-empty. Then:

o [fP< /igp% for 0 <k <1, we have inf 3 supA’Qee]I”(A #* A) > i(l —VK);
e I[fN < /fepig for 0 <k <1, we have infg supy geo IP’(Q #* Q) > i(l — VK).

The proof uses Le Cam’s method to construct two hypotheses that are close in total
variation yet far in parameter space. Combining Theorems 1 and 2, we establish that Al-

gorithm 1 achieves the minimax rate up to a factor of p/ min(p, €) and logarithmic terms.

19



Since p = 4e + O(e?), as shown in Supplement S.1, this gap is bounded above by p/e — 4 as
e — 0. Two regimes arise: when p < € (moderate to large noise), the gap equals 1 and the
rates in Theorems 1 and 2 match exactly up to logarithmic factors; when p > € (small noise,
s near 1/2), the gap converges to 4, establishing near-minimax optimality in this regime. We
also note that the lower bound in Theorem 2 holds for all estimators without an initialization
assumption, while Theorem 1 requires a specific initialization quality; both characterize the
fundamental difficulty of recovering A and Q in this model.

Two aspects of the analysis can potentially be strengthened in future work. First, we
assume that s; and g; are known; in practice, accurate estimation of these parameters is
feasible once («, ) is initialized close to (A, Q), and incorporating them into the theoret-
ical analysis is a natural extension. Second, establishing global convergence guarantees for
Algorithm 1 (rather than fixed-point sample complexity) requires controlling the spectral
structure of the DINA likelihood Hessian through its Boolean nonlinearity, which we leave

as a technically challenging open problem.

5 Simulation Studies

We examine the performance of DINA-CSP for various sample size N € {500, 1000, 2000},
the true underlying latent dimension K € {3,4,5,10}, and the attribute correlation r €
{0,0.25,0.5}. The slipping and guessing parameters are set to 0.2. The number of latent
components is assumed to be unknown.

For the matrix A, we set A;; ~ Bernoulli(0.5) for » = 0, and for r > 0, we follow Chen
et al. (2018) by first generating a vector 6; ~ N (0, Xf) where X = (1 — r)Ix + r(1xl))
is the covariance matrix with the diagonal elements being 1 and all off-diagonal elements
being r. Following Chen et al. (2021), each binary latent vector a;; = (1, . . ., i) follows
o = 1 {Qz-k > o1 (KLH)}, where ®~! is the inverse cumulative distribution function of

a standard normal distribution. From the cognitive diagnostic modeling perspective, the

above construction encodes correlated and heterogeneous difficulty levels of the latent skill
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attributes, where attributes with a larger index k are more difficult to master.

For K < 5, we specify the matrix Q in the same way as Table 1 in Chen et al. (2021),
which corresponds to (K, P) = (3, 18), (4, 18), (5, 20), respectively. For K > 5, we specify the
matrix Q following the settings of Gu and Xu (2023) with (K, P) = (10, 30). In each simu-
lation setting, the true Q matrix contains | P/(2K)] copies of Ik as sub-matrices stacking
vertically, and K. is set as P.

¢ v

T T T 0.00 T T T
0 5 10 15 0 5 10 15

Figure 1: Example run of our algorithm, s = 0.2, ¢ = 0.2, N = 1000, P = 20, K = b5,
Kuax = 20. Left: Estimated ¢ variational parameter, indicating 5 columns are selected.
Under the variational parameterization, the row sum Zle ¢ of the lower diagonal matrix
of ¢ is the probability that the kth column in the @)-matrix is redundant, which corresponds
to the rows k > 6 for the left panel. Middle: Estimated ~ variational parameters. Right:
Ground truth Q matrix.

The average recovery rates are presented in Table 1 and an example run is shown in
Fig. 1. All the results are averaged over 100 independent trials in each simulation setting.
We adopt the elementwise accuracy rate (EAR) and the number of over-specified elements

(NOSE) as evaluation criteria (Chen et al., 2021), defined as

=

P
EAR := II? LKZZJLQ,,C_QM) NOSE_ZZ@ (12)

=1 k=1 j=1 k=K +1

EAR is the proportion of the original true Q matrix entries that are estimated correctly,
under the best permutation o(-) of the K columns. NOSE measures the false discovery in
excessively estimating the redundant elements in the Q-matrix.

In addition, for a column k in the estimated Q, we regard it as redundant if > ; ]I[@jk >
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K N K., EAR NOSE K N K., EAR NOSE

=0
3 500 95%  99.30% 0.09 5 500 100% 98.50% 0
1000 99%  100.00% 0.02 1000 100% 99.50% 0
2000 100% 100.00% 0 2000 100% 99.90% 0
4 500 100% 98.20% 0 10 500 100% 99.40% 0O
1000 100% 99.50% 0 1000 100% 99.70% 0
2000 100% 100.00% 0 2000 100% 100.00% 0
K N K., EAR NOSE K N K. TEAR  NOSE
r=0.25
3 500 99%  86.30% 0.06 5 500 88% = 88.80% 0.18
1000 100% 86.80% 0 1000 99%  89.60% 0
2000 100% 86.80% 0 2000 100% 89.40% 0
4 500 95%  86.10% 0.09 10 500 39%  92.50% 5
1000 99%  86.20% 0 1000 67%  95.10% 1.16
2000 100% 85.80% O 2000 73%  96.10% 0.07

Table 1: Average recovery rate under each condition. The EAR (higher is better) and NOSE
(lower is better)are defined in Eq. (12). A high EAR corresponds to an accurate estimation
of ()-matrix, while a lower NOSE reflects a more accurate estimation of the number of
attributes K.

~ ~ ~ ~ ~ ~

K N Kest. Kest. K N Kest. Kest. K N Kest. Kest.
CSP  Crimp CSP  Crimp CSP  Crimp

r=20 r=0.25 r=0.5

3 500 96%  96% 3 500  99% 82% 3 500 100%  79%
1000 99%  92% 1000 100% 85% 1000 100% 74%
2000 100% 90% 2000 100% 87% 2000 100% 74%

4 500 100%  99% 4 500 95% 80% 4 500 84% 76%
1000 100% 90% 1000 99% 63% 1000 87% 65%
2000 100% 76% 2000 100% 65% 2000 95% 37%

5 500 100%  90% 5 500 88% 41% ) 500 62% 37%
1000 100% 65% 1000  99% 32% 1000 75% 20%
2000 100% 57% 2000 100% 21% 2000 79% 15%

Table 2: Comparison of K estimate.

0.5] = 0, which means that no item is estimated by the posterior mode to require this
attribute, and we compare the estimated attribute number K with the ground truth. Table 2
compares the estimation accuracy of the latent attributes K between Algorithm 1 and the

Crimp sampler (Chen et al., 2021), a computationally intensive MCMC method.
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Comparison with existing variational inference methods. The closest methodological
competitors to DINA-CSP are the variational Bayes approaches of Yamaguchi and Okada
(2020b) and Oka and Okada (2023). Neither provides a publicly available implementation,
so direct comparison on matched datasets is not possible. Both methods represent each
subject’s latent profile across all 2% binary attribute patterns, giving per-iteration costs of
O(N - 2K) and O(P - (25 — 1)) respectively; both assume K is known and are practically
limited to K < 8 in their original implementations. By contrast, DINA-CSP has per-
iteration cost O(NPK), does not require K to be pre-specified, achieves EAR > 98.2% at
K € {3,4,5} with N = 500 and r = 0 while simultaneously recovering K with at least
95% accuracy (Tables 1 and 2), and scales to K € {15,25,35} where neither competitor is
feasible (Table 3). A detailed breakdown of the comparison is provided in Supplement S.7.

We further examine the scalability of DINA-CSP for a large number of latent attributes
K € {15,25,35}. This corresponds to very challenging simulation scenarios, both statisti-
cally and computationally, due to the large latent dimensions. The results are presented in
Table 3 and Fig. 2. We consider the conditions (K, P) € {(15,50), (25, 80), (35,100)} and

r € {0,0.25}. For all conditions, we set N = 2000 and K ,.x = 50.

% Q 10
0.8 08
0.6 06
0.4 0.4
\ - \ )
: . : , : ! , ; 0.0
0 20 40 60 80 0 10 20 30

Figure 2: Example simulation run of variational inference procedure on large-scale data,
demonstrating perfect recovery in a setting with typical levels of noise (s = 0.2, g = 0.2,
N = 3000, P = 100, K = 35, Kuax = 100). Left: Estimated v variational parameters.
Right: Ground truth Q matrix.
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K K., EAR NOSE K K.s. EAR  NOSE

r=0 7 =0.25

15 100% 100.00% O 15 12%  94.30% 35.48
25 92%  100.00% 0.08 25 24%  97.50% 25.36
35 100% 100.00% O 35 0% 98.80% 6.333

Table 3: Results for the setting with a large number of latent attributes K.

Failure of K estimation under large K and attribute correlation. Table 3 reveals a
clear limitation: when K is large and attributes are correlated (r = 0.25), the CSP dimension
estimator K degrades substantially, reaching 0% accuracy at (K, r) = (35,0.25) with NOSE
= 6.333. Notably, the EAR remains high across all large-K, correlated settings (94.3%—
98.8%), indicating that Q-matrix recovery per se does not fail; the method recovers the
item-attribute relationships accurately but inflates the estimated number of attributes.

The mechanism underlying this failure is the interaction between attribute correlation
and the CSP’s column-wise evidence. The CSP identifies redundant columns by comparing
Y= ; ik against a threshold: large X signals an active column, while small ¥, signals
redundancy. Under Assumption 1, the effective discrimination constant = quantifies how
well items separate students who have mastered attribute £ from those who have not. When
attributes are highly correlated, students with high ability profiles tend to master multiple
attributes simultaneously, reducing the diversity of partial-mastery patterns across items.
This shrinks the effective = and compresses the evidence gap between active and redundant
columns, making it harder for the CSP threshold to correctly separate them. At large K, this
compression is amplified because many attributes share similar mastery patterns, causing
several redundant columns to accumulate non-negligible slab evidence.

Practitioners encountering this regime should be aware that K will tend to overestimate
the true dimension when K is large and r > 0. Practical remedies include increasing N
(larger samples sharpen the column-wise evidence), tightening the CSP spike parameter §
toward zero (making the prior more aggressive about suppressing low-evidence columns), or

post-hoc pruning of estimated columns by applying a stricter threshold on ¥ /P. We discuss

24



this as a known limitation and direction for future work in § 7.

Furthermore, the variational inference strategy is substantially faster than the Crimp
sampler, with experiments for K < 5 running in less than 20 seconds on average on a laptop
(Fig. 3, left). The dependence of run time on K scales linearly with the mean-field parame-
terization (Fig. 3, right) rather than exponentially like in previous studies that adopt a full

parametrization (Yamaguchi and Okada, 2020a; Hijikata et al., 2023).

Runtime in seconds 200 Runtime in seconds
300 | % S e bl
2000 7 175 2000
Crimp Sampler
250 15.0
L
200 P 125
z - s
2 150 el 2100
= s =
100 v’ 75
5.0 2
50 ’_______-ﬂ;:-_t:::::::::(’_
25 -7 -4 i |
&
0 %essss==m=sssmss======== - ? :
0.0
3 5 3 5

X H

Figure 3: Run time of the proposed algorithm relative to Crimp sampler. Left: Run times for
our algorithm are substantially shorter than the Crimp sampler across the same experimental
contexts. Right: Run time increases slowly with both K and N.

Finally, we explore the effect of initialization with Varimax rotation by comparing it with
random initialization. Across 100 independent trials and a range of sample sizes and latent
dimensions, Varimax initialization consistently improves both negative log-likelihood and
elementwise accuracy rate over random initialization (Supplementary Figure S.2). Supple-
ment S.7 presents additional comparisons across initialization strategies, variational family
specifications, and stochastic optimization variants. The mean-field variational family offers
advantages not only in scalability but also in accuracy when the sample size is small relative

to the complexity of more flexible parameterizations.

6 Real Data Applications
We illustrate the proposed method on two substantively different data settings, correspond-
ing to the two probabilistic Boolean factorization structures studied in this paper. Section 6.1

focuses on an educational-assessment problem under the DINA model, where the Boolean
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“And” assumption is natural and interpretability of the loading structure is central. Sec-
tion 6.2 focuses on a modern single-cell genomics problem under the DINO model, where the
Boolean “Or” assumption is more appropriate and high dimensionality is central. Taken to-
gether, these applications show that our method can be used for both interpretable structure

refinement and scalable latent-structure discovery in distinct large-scale data settings.

6.1 Item Response Data in Large-scale Educational Assessments
The Trends in International Mathematics and Science Study (TIMSS), administered by the
International Association for the Evaluation of Educational Achievement (IEA), is a large-
scale international assessment measuring fourth and eighth-grade students’ mathematics and
science achievement across participating countries every four years since 1995. Cognitive
diagnostic models such as the DINA model have been previously applied to TIMSS student
response data to identify latent skill structures (Gu and Xu, 2023). We apply the proposed
method to the TIMSS 2011 Austrian dataset containing students’ responses to a set of math
questions. Previous studies used subsets of the data for exploratory item-attribute Q-matrix
estimation with N = 1010 and P = 47; however, thanks to the scalability of the proposed
algorithm, here we fit an exploratory DINA item-attribute matrix using the full dataset of
P = 174 questions across N = 4668 students. Each student answered an average of 25
questions, leading to a total number of 115983 binary observations of Y;;. We handle the
missing data similarly as done in Gu and Xu (2023) for the DINA model, by writing the
joint likelihood only over the observed entries in the N x P data matrix under the ignorable
missingness assumption. All the coordinate ascent steps in the proposed algorithm can be
easily adapted to this case. We initialize the item-attribute matrix using an expert-derived
item-attribute matrix (Fig. 4, left), which is available from the TIMSS study design.

The expert-defined item-attribute ()-matrix consists of 9 columns corresponding to 9
expert-defined latent attributes based on the pairwise interactions between three content

skills: data (D), geometry (G), numbers (N), and three cognitive skills: knowing (K), apply-
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Figure 4: TIMSS 2011 item-attribute matrix after refinement by variational inference es-
timation algorithm. Left: Original expert item-attribute Q-matrix. Middle left: Refined
item-attribute matrix. Middle right: Difference between the original one and refined one.
Right: Preserved entries in the refined matrix.

ing (A), and reasoning (R). So, the 9 expert-defined attributes are DK, DA, DR, GK, GA,
GR, NK, NA, NR. Each row in the expert ()-matrix is a canonical basis vector, meaning that
each item requires exactly one of the nine possible skill combinations. Without using any
information of this expert ()-matrix including its number of columns, we apply the proposed
algorithm by setting a maximum number of latent attributes K., = 35. Interestingly, our
estimated number of latent attributes is equal to K = 9, matching the expert defined latent
dimension. In total, 5.5% of the entries in the original 174 x 9 item-attribute matrix are
modified by our estimator, where 3.3% involve an entry modified from 1 to 0, while 2.2%
involve an entry modified from 0 to 1 (Fig. 4, middle right)). In the estimated Q (Q-matrix),
DR (data reasoning) was the least modified latent attribute with 1.1% of item-attribute ma-
trix entries changing, while NK (numerical knowing) was the most modified one with 12.6%
of item-attribute matrix entries changing (Fig. 4, right). We observe that a single question,
MO031185, is fully reassigned to be measuring a different latent attribute-it is moved from
NR to NA. This question involves converting distances on a map to their respective true
distances by multiplying by a scale factor. It is reasonable that this question requires the

applying cognitive domain. This justifies the interpretability of our estimation result.

Items requiring multiple latent skills. In the expert-defined item-attribute matrix

Qexpert; €ach question requires only a single skill to answer. Hence there is a total of 174
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positive entries for the 174 questions. After applying the DINA-CSP algorithm, 16 questions
are found to require multiple skills, see Supplementary Table S.3. These questions generally
have the highest difficulty and the fewest number of students answering them correctly
(Supplementary Figure S.1, left). These items are sensibly found to require additional skills.
For example, item M041284 involves classifying shapes into a table based on the number
of sides and whether the sides have the same length and is estimated by our algorithm to
require both attributes GR and DR, the organization of data into a table makes this question
solvable mainly by students that are proficient in the data reasoning skill. Another example is
that a geometry question, M031297, which involves computing the area of a shaded region, is
found to also require NA in addition to GA, possibly due to the computation with fractions
required to arrive at the correct answer. Finally, question M031016 involves writing all
integers between 1 and 3000 that end in 112 and is found to require both NR and NA
attributes. We also observe that students with the highest number of latent attributes, as
measured by the estimate Zi(:l @ik, score highest on the exam (Supplementary Figure S.1,
right). This reflects that the estimated latent attributes indeed capture the target skills the

exam questions are designed to measure.

6.2 Single-cell ATACseq Data

To demonstrate the scalability and wide-applicability of our approach beyond educational
testing data, we also apply our method to single cell assay for transposase accessible chro-
matin sequencing (ATACseq) data (Buenrostro et al., 2015; Grandi et al., 2022). Single-cell
ATACseq measures how “open” a region of DNA is via the ability of a hyperactive Tnb trans-
posase to insert sequencing adapters in the DNA. Functional regions of DNA (e.g. sequences
acting as promoters or enhancers) can be identified via the enrichment of reads mapping
to a particular stretch of the genome. After processing the raw sequencing reads, common
practice is to produce a cells-by-peaks count matrix, which counts the number of reads per

cell that coincide with each peak. Peaks are typically defined as 500 base pair segments of
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Figure 5: (a.) 2D projection (UMAP) of cells colored by latent binary pattern «;. (b.) 2D
projection (UMAP) of cells colored by cell type annotation (c.) Estimated item-attribute
matrix, 7, showing the inferred dimension K is equal to 5. (d.) Pairwise Jaccard similarity
between most common latent binary patterns and cell type labels.

DNA with a high density of sequencing reads, as determined by a peak calling algorithm
such as MACS2 (Gaspar, 2018; Granja et al., 2021).

The DINO model with the Boolean “Or” assumption is particularly well suited to describe
the single-cell ATAC-seq cells-by-peaks count matrix. First, the data itself is inherently
binary; canonically, a peak that represents a functional region of the genome has two states:
“open” (representing an active state) and “closed” (representing an inactive state). Second,
a single genomic location can be active as part of multiple contexts or cell states; for example,
many enhancers bound by STAT transcription factors are reused across multiple immune cell
types (Yoshida et al., 2019). Thus, an “or” relationship is natural to describe the underlying
process that determines a given peak’s binary state. This disjunctive structure, where a peak

is accessible if activated by any relevant regulatory program, has been explicitly modeled in

probabilistic Boolean logic approaches for transcription factor activity inference from single-
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cell genomics data (Arriojas et al., 2023). To demonstrate the utility of our approach, we
fit a DINO model to a single cell ATACseq dataset (Persad et al., 2023) of CD344 bone
marrow cells collected from healthy human donors. These cells are the stem and progenitor
cells that differentiate into various blood cell types, including erythrocytes, B cells, T cells,
monocytes and dendritic cells (Fig. 5, b). Under the DINO model, the ideal response matrix
entries become: J;; := 1 — Hszl(l — A;xQjx). This model is mathematically equivalent to
the DINA model after a certain reparameterization and can be fit by our VI algorithm.
Using the preprocessed data of the original paper, we have a binarized count matrix of
6881 cells and 246113 peaks. Most peaks are non-informative, so for each cell type, we take
the 16 most informative features, leading to a dataset with N = 6656 cells (after removing
225 low-coverage cells; see Supplementary Material for details) and P = 122 features. We fit
the DINO model using CAVI-CSP with K., = P = 122. The estimated latent dimension
K is 5 (Fig. 5, ¢). Fig. 5(a-d) show that the learned binary patterns have high agreement
with the cell type annotations, which are held-out biological knowledge. In addition, the
discovered binary patterns provide even more fine-grained subgrouping of the cells. An
interpretable feature of the result is that we can track how related cell types are based on
their binary patterns. For example, monocytes are represented by two binary patterns, 10100
and 00100, and HSCs are represented by two patterns 00001 and 00011. HMPs and HSCs
are the most stem-like cell populations, and are both found to express the 5th binary latent
(Fig. 5, d). Additionally, the 3rd binary latent is specifically expressed by dendritic cells and
monocytes, and hence is specific to myeloid identity cells. These biologically interpretable
results imply that it would be promising to further look into each learned latent dimension

to interpret their unique biological meanings.

7 Discussion
We have developed a scalable variational inference framework for probabilistic Boolean ma-

trix factorization with unknown latent dimension, using the DINA /DINO family as a struc-
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tured and theoretically tractable modeling class. Relative to latent-class formulations whose
variational dimension grows exponentially with K, the proposed mean-field formulation uses
O(K) variational parameters and, with suitable initialization, attains competitive empiri-
cal performance at substantially lower computational cost. In addition, we establish theo-

retical guarantees in the large-scale and high-dimensional regime. The sample complexity

1 _

Q(1/(eZmin(e, p))) in Theorem 1 has a clear interpretation: e = 5

s is the signal level,
p = log % is the log-odds discriminability, and = is the minimum fraction of identifiable
rows or columns under Assumptions 1 and 2. When the signal is weak (e — 0) or the identi-
fiable fraction = is small, recovery becomes statistically harder and requires more data. The
minimax lower bound in Theorem 2 shows that no estimator can improve this rate beyond
logarithmic factors. Our current analysis assumes s; = g; for all j; extending the guarantees
to general per-item slipping and guessing rates is a natural direction for future work. Exten-
sive simulations and two substantively different real-data applications further demonstrate
the effectiveness of the proposed method.

The modeling and variational ideas developed here may also be useful for other struc-
tured binary latent-feature models, including probabilistic Boolean factorization models with
alternative logic gates, more general discrete latent-variable models, and multilayer binary
latent-structure models. Cognitive diagnostic models that involve main effects and other
interaction effects of latent attributes form one important subclass of this broader family
(von Davier, 2008; Henson et al., 2009; de la Torre, 2011; von Davier and Lee, 2019). Similar
ideas may also be relevant for deep discrete latent-variable models that require selecting
the number of latent variables in each layer, including Bayesian pyramids for multivariate
categorical data proposed by Gu and Dunson (2023) and deep discrete encoders for rich data
types with many discrete latent layers proposed by Lee and Gu (2025).

A distinctive feature of the proposed variational inference algorithm is that the mean-

field approximation and the factorized Boolean likelihood yield closed-form coordinate-wise
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updates. By contrast, many recent approaches to variational inference with discrete latent
variables rely on approximate gradient estimators and simultaneous stochastic-gradient up-
dates. Some methods reduce variance at the cost of introducing bias in the gradient estimates
(Jang et al., 2016), while others preserve unbiasedness using the score-function estimator and
mitigate variance through techniques such as control variates (Titsias and Shi, 2022), anti-
thetic sampling (Yin and Zhou, 2019; Kunes et al., 2023), and Rao—Blackwellization (Dong
et al., 2020). Future work may combine such ideas with probabilistic BMF or extend the

proposed method to block coordinate-ascent schemes for improved scalability.

Data Availability Statement. The data supporting the findings of this study are derived
from public domain resources. Reproducibility materials, including code and supporting files

used in the analysis, will be made publicly available upon publication.
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