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Abstract

Causal representation learning seeks to uncover causal relationships among high-
level latent variables from low-level, entangled, and noisy observations. Existing ap-
proaches often either rely on deep neural networks, which lack interpretability and
formal guarantees, or impose restrictive assumptions like linearity, continuous-only
observations, and strong structural priors. These limitations particularly challenge
applications with a large number of discrete latent variables and mixed-type observa-
tions. To address these challenges, we propose discrete causal representation learning
(DCRL), a generative framework that models a directed acyclic graph among discrete
latent variables, along with a sparse bipartite graph linking latent and observed layers.
This design accommodates continuous, count, and binary responses through flexible
measurement models while maintaining interpretability. Under mild conditions, we
prove that both the bipartite measurement graph and the latent causal graph are iden-
tifiable from the observed data distribution alone. We further propose a three-stage
estimate-resample-discovery pipeline: penalized estimation of the generative model pa-
rameters, resampling of latent configurations from the fitted model, and score-based
causal discovery on the resampled latents. We establish the consistency of this pro-
cedure, ensuring reliable recovery of the latent causal structure. Empirical studies on
educational assessment and synthetic image data demonstrate that DCRL recovers
sparse and interpretable latent causal structures.

Keywords: Causal Discovery; Causal Representation Learning; Directed Acyclic Graph;
Identifiability; Discrete Latent Variables.

1 Introduction
Causal representation learning (CRL) seeks to recover high-level latent variables and their

causal structure from low-level, entangled observations such as images, text, or time series
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(Scholkopf et al., 2021; Moran and Aragam, 2026). While deep generative modeling ap-
proaches to CRL have shown strong empirical performance on complex data (Yang et al.,
2021; Khemakhem et al., 2020; Javaloy et al., 2023; Fan et al., 2025), their neural architec-
tures remain black boxes with limited interpretability, impeding validation and understand-
ing of what latent variables represent (Moran and Aragam, 2026).

Interpretability and identifiability of models are therefore central to uncovering latent
causal mechanisms in complex datasets in a trustworthy manner. Informally, a causal rep-
resentation is identifiable if the observed distribution uniquely determines the parameters
of the latent variable model and the causal relations among these latents, up to a specified
equivalence relation capturing the unavoidable indeterminacies. Without identifiability, rep-
resentation learning is prone to practical failures such as underspecification and posterior
collapse (D’Amour et al.; 2022; Wang et al., 2021).

A growing body of CRL work has established that, with continuous latent variables, one
can typically recover latents only up to permutations and per-coordinate reparameterizations
(von Kiigelgen et al., 2023; Jin and Syrgkanis, 2024), rather than to a unique canonical
form. Moreover, such equivalence classes are essentially tight: without additional structure
or side information, stronger identifiability is unattainable (Varici et al., 2025). Even in a
fully linear model with perfect single-node interventions, identifiability is limited to scaling
and permutation (Squires et al., 2022; Buchholz et al., 2023). This inherent indeterminacy
prevents specific numerical values of latent variables from carrying stable semantic meaning,
even in identifiable continuous-latent CRL models.

By contrast, discrete latent models with even highly nonlinear measurements can achieve
identifiability up to latent-coordinate permutation alone (Lee and Gu, 2024, 2025). Con-
sequently, while continuous variables appear more expressive, only a limited portion of the
information they encode is invariant under allowable reparameterizations and therefore ro-

bustly interpretable. Discrete latent variable models thus offer a more stable form of in-



terpretability: the equivalence classes are smaller and easier to characterize, and latent
coordinates can be more directly aligned with the ground truth causal factors.

From a practical perspective, this discreteness is also often the right abstraction: in many
settings, the goal is to infer an unobserved state that drives observations and supports down-
stream decisions, rather than to estimate a calibrated real-valued quantity. For instance, in
medicine, probabilistic models often represent diseases as discrete latent variables that gener-
ate observed symptoms or test results, so different latent-state configurations correspond to
different clinical regimes (Shwe et al., 1991). In education, cognitive diagnosis models treat
a student’s mastery of skills as discrete latent variables that explain item responses (Helm
et al., 2022). In such domains, learning a continuous latent coordinate first and then impos-
ing cutoffs yields non-canonical thresholds whose meanings can shift under scaling without
additional anchoring. Discrete latent variables instead represent the abstractions directly.

Motivated by these considerations, we develop a discrete causal representation learn-
ing (DCRL) framework in which (i) discrete latent variables follow a latent DAG, and (ii)
observations are generated through a sparse measurement graph linking the latent and ob-
served layers with flexible mixed-type likelihoods. This framework accommodates continu-
ous, count, and binary responses while allowing highly nonlinear latent-observation relation-
ships. Within this new framework, our contributions are threefold.

First, despite the expressiveness of the proposed framework, we establish formal identifi-
ability guarantees from a single observational distribution, without requiring interventions,
multiple environments, or observed auxiliary variables. Our main contribution is generic
identifiability: under mild conditions, outside a measure-zero set of parameter values, the
latent distribution, measurement layer, and latent DAG are identifiable from the observed
data distribution, uniquely up to latent label permutations, so the unavoidable equivalence
class consists solely of relabelings of latent variables. Generic identifiability is directly anal-

ogous to how faithfulness excludes measure-zero violations of conditional independences in



causal graphical models (Spirtes et al., 2000; Ghassami et al., 2020). Under additional design
conditions, we also obtain a stronger strict identifiability statement.

Second, we propose and analyze a novel, simple, and modular three-stage estimation
pipeline. Stage I fits the discrete generative process by penalized maximum likelihood via a
stochastic approximation expectation-maximization (SAEM) algorithm with spectral initial-
ization, yielding estimates of the latent distribution and measurement graph while remaining
computationally efficient. Stage II resamples latent configurations from the fitted latent law
to construct a synthetic dataset in the latent space. Stage III applies Greedy Equivalence
Search (GES) (Chickering, 2002) to this resampled latent dataset to recover the latent DAG.
The validity of this algorithm relies on a key theoretical question: whether GES remains
valid when it operates on samples from an estimated latent law rather than from the true
one. We answer this by extending classical notions of consistency and local consistency for
scoring criteria to a rate-robust setting that permits the scoring distribution to converge
to the truth at a controlled rate. Our analysis provides an explicit coupling between the
convergence rate in Stage I and the resampling size in Stage I that guarantees GES applied
to the resampled latents still recovers the Markov equivalence class of the true latent DAG.

Third, we show that DCRL can reveal meaningful latent causal structure from data and
yield interpretable discrete causal factors in practice. Through two empirical studies in edu-
cational assessment data and high-dimensional image data, we find that the learned latents
align closely with domain-specific concepts and that the recovered latent DAG captures the

underlying causal dependencies.

Organization. Section 2 introduces the DCRL framework. In Section 3, we establish iden-
tifiability results for DCRL. Section 4 describes the proposed three-stage estimation pipeline
and establishes its theoretical consistency guarantees. Section 5 and Section 6 present sim-
ulation studies and real data applications, respectively, to demonstrate the effectiveness of

our approach. Section 7 concludes the paper with a discussion of potential extensions. All



proofs are deferred to the Supplementary Material.

Notation. We write ay = w(by) (resp. ay = o(by)) if 3 — oo (resp. & — 0) as N — oo.
For a positive integer n, we write [n] = {1,...,n}. For a matrix A, we use A;. (resp. A. ;)
for its i-th row (resp. j-th column). For vectors z,y € RY, write x = y (resp. = <X y) if
T > yp (resp. xx < yg) for all k =1,...,d. We write G x H for the semidirect product of

groups G and H. For a set A in a topological space, we write A° for the interior of A.

2 Discrete Causal Representation Learning Framework
Causal Graphical Models. We begin by reviewing essential definitions to fix notation.
Let R = (Ry, ..., Rq) be random variables with joint distribution p*(R). We consider graphs
G = (V,E), where V =1,...,d corresponds to the variables R; and £ C V' x V is the set of
edges. A directed acyclic graph (DAG) is a directed graph with no cycles.

We now relate these graphs to conditional independencies. For a distribution p on R =
(Ri,...,Rq), let Z(p) = {(ALL B|C),: Rs 1L, Rg | Rc} denote the set of all conditional
independence statements that hold under p, where A, B,C C V are pairwise disjoint and
Ry={R;:i€ A}. Lt Z(G) == {(A 1L B | C)g : Ra lL¢ Rp | Rc} be the collection of
conditional independences encoded by a DAG G via d-separation. We say p is Markov with
respect to G if Z(G) C Z(p). Write M(G) := {p : Z(G) C Z(p)}. For DAGs, p € M(G) is
equivalent to the factorization of the joint density according to G: p(R) =[], p(R; | Rpag),
where Pa¥ is the parent set of node i in G (Lauritzen, 1996). We call p faithful to G if
Z(p) € Z(G) (Koller and Friedman, 2009). Combining the two inclusions, a distribution
is DAG-perfect (Chickering, 2002) to G if Z(G) = Z(p), so that G encodes exactly all
conditional independences of p. In this case, GG is a perfect map of p.

We say G and G5 are Markov equivalent if Z(G,) = Z(G2), and write G; = G5. Markov-
equivalent DAGs form a Markov equivalence class. Two DAGs are Markov equivalent if and
only if they have the same skeleton and v-structures (Verma and Pearl, 1990). Each Markov

equivalence class can be uniquely represented by a completed partially directed acyclic graph



(CPDAG), in which an edge ¢ — k is directed if and only if it has the same orientation in
every DAG in the class, and an edge 7 — k is undirected if both orientations i — k and i < k
occur among the DAGs in the class (Verma and Pearl, 1990; Chickering, 2002).

A causal graphical model consists of a DAG G and a distribution p that is Markov to G,
with directed edges interpreted causally. In this paper we are primarily interested in discrete
causal graphical models, where each variable R; takes values in a finite state space and (G, p)

is a causal graphical model.

Discrete Causal Representation Learning. We take the causal structure as primitive
and place probabilistic distributions on top of it. We work with a collection of variables con-
sisting of both observable and latent components. Let X = (X1,..., X)) € X 3.]:1)(]- denote
the observed variables, where &X; C R is allowed to be general. In particular, our formulation
accommodates a wide range of data types, including continuous measurements, count-valued
observations, and binary or categorical responses. We consider binary latent variables and
denote them by Z = (Zy,...,Zk) € {0,1}*, where K > 2. The causal structure is speci-
fied by (i) a directed acyclic graph (DAG) G on the latent variables 7y, ..., Zk, and (ii) a
directed bipartite structure Q = (g; ) € {0, 1}7*X from the latent variables to the observed
variables, where ¢;x = 1 if and only if Z; is a direct cause of X for j € [J] and k € [K]. The
bipartite graph describes the measurement modeling structure. Together, (G, Q) determines

a full acyclic causal graph on (Z,X). An illustration is provided in Figure 1.

G: causal relations among Z

Q: causal relations between X and Z

Figure 1: Latent DAG and measurement graph in discrete causal representation learning



To obtain a data-generating process from (G, Q), we view the joint distribution of the
latent variables as the primitive object and assume that it satisfies the Markov factorization
associated with G. Let p = (P(Z = 2)),e(0,1;x denote the 2X-dimensional probability vector
of Z with p € M(G). Equivalently, p factorizes according to G as p(Z) = [[1—, p(Zk|ZPag),
which encodes the directed dependencies prescribed by the latent DAG §G.

Next, we specify how the latent causes act on the observed variables according to Q.
For each item j € [J], let K; = {k € [K] : ¢j = 1} be the index set of its latent parents.
We write the linear predictor n;(z) as a multilinear polynomial in the binary latent vector
z = (z1,...,2x) € {0,1}*. For any subset S C [K], define the monomial feature ¢g(z) :=
[I;cs x> with the convention ¢g(z) = 1. Fix once and for all an ordering (S, ..., Ssx)
of all subsets of [K]. Let ¢(z) € {0,1}2" be the corresponding feature vector with entries
®m(2z) = ¢s,,(z). For item j, collect coefficients into 3; € R2" by (Bj)m = Bjs,,, and impose
(Bj)m = 0 whenever S,,  Kj, so that only main effects and interactions among coordinates
in K; are allowed. Equivalently, n;(z) = BJTQS(Z) = ng(j Bi.s I 1ies 2 Stacking the rows
yields the matrix B = [8; ... B;]T € R7*?".

In practice, it is often sufficient to restrict attention to the main effects of the latent
causes, which corresponds to setting ;s = 0 whenever |S| > 1. In this case, the linear
predictor reduces to 17;(z) = Bjo + D ic K, B k2K, which is analogous to a generalized linear
specification with an intercept and main effects in the binary latent vector z as covariates.
Compared with the all-effect specification, this restriction reduces the number of parameters
from 2% to | K ;|41 per item, yielding a more parsimonious and interpretable specification. In
our subsequent estimation procedure, we will primarily focus on this main-effect specification.

Conditionally on Z, we model each X; by an item-specific parametric family consistent

with Q and assume conditional independence across j given Z:

Xj|Z ~ ParFam, (gj (n;(2), %‘))’ j €] (1)



Here ParFam; = {P; : @ € H,} is a known family with parameter space H; C R and
gj : Rx[0,00) — H; is a known link mapping the linear predictor 7;(-) and, when applicable,
a dispersion parameter v; > 0 to the parameter of ParFam;. Write v = (y1,..., 7).

Integrating out the latent Z yields the marginal law of the observables,

P(X) = Y P(X|Z=z)P(Z=2z), (2)

ze{0,1} K
which is determined by the triple (p, B, ) together with the causal structure (G, Q).

Definition 1. We consider the following discrete causal representation learning data-generating
process parameterized by (p,G, B, Q,7), where the marginal law of the observed data is given
by (2). When G and Q are known and fized, this induces a family of probability distributions

on X, indexed by (©,G,Q), which we denote by Pg g.q, where © := (p,B,~).

Remark 1. For clarity, Section 2 presents the framework under binary latent attributes Zy €
{0,1}. All components extend to ordered polytomous attributes Zy, € [My] = {0,1,..., My —
1}. In the extension, n; is still a linear combination of coefficients {5;w} indeved by latent
“states” u, and a term [, contributes to n;(z) only when u < z coordinatewise. Moreover,
Bju is nonzero only if supp(u) C K. The extension and its generic identifiability result are

stated in Section 3.2, with full definitions in Appendix S.4.

Taken together, the DCRL framework yields a highly flexible and potentially strongly
nonlinear measurement layer from the latent configuration to the observed responses. On the
one hand, the all-effect specification for 7;(z) allows arbitrary interaction patterns among the
latent variables, including highest—order interactions over all attributes in K. On the other
hand, by allowing a general parametric family ParFam; and link mapping g;, we impose
no single fixed response family, so that a wide range of nonlinear conditional distributions
X; | Z can be accommodated.

Under DCRL, the complete causal structure comprises two components: the DAG G

8



among latent variables 71, ..., Zk, and the directed bipartite structure Q from latent vari-

ables to observed variables. Our goal is to jointly recover G and Q from X.

Connections with Existing Studies. Most identifiable models for causal discovery with
partially unobserved variables rely on linearity (Anandkumar et al., 2013; Squires et al., 2022;
Huang et al., 2022; Dong et al., 2026), an assumption that often fails in practice. Beyond
linearity, identifiability has also been established for certain nonlinear latent hierarchical
models (Prashant et al., 2025). However, those results impose much stronger restrictions on

the latent causal architecture than ours. See Supplement S.10 for more details.

3 Identifiablity
We study identifiability of the DCRL framework under two notions: strict identifiability and
generic identifiability. Our main new contribution is Theorem 1, which provides a generic
identifiability theorem for the all-effect measurement specification under mild conditions.
Since the strict identifiability results and several related extensions are adapted from existing
work (Liu et al., 2025; Lee and Gu, 2025), we include only a brief discussion in the main
text and defer the formal statements to Supplement Section S.1.

Strict identifiability formalizes the requirement that the model parameters are uniquely
determined by the marginal law of the observable vector X, up to the unavoidable label
switching of the K latent variables and the Markov equivalence class ambiguity of the latent
DAG. Under the equivalence relation ~x and the admissible parameter space introduced
below, strict identifiability can be guaranteed by mild structural conditions on the measure-
ment design together with a monotonicity-type assumption that rules out sign-flipping of

latent coordinates. See Supplement Section S.1 for more details.

3.1 Generic Identifiability
Before introducing our identifiability notion, we first relate our framework to the statistical-

identifiability formulation used in recent CRL work (Xi and Bloem-Reddy, 2023; Moran and



Aragam, 2026). Consider the model X = f(Z) + ¢, where Z € Z is the latent variable,
f: Z — X is the representation map, and € is noise. Let F be a class of admissible maps f,
and let P be a class of admissible latent distributions p on Z. For any bijection £ : Z — Z,
one may rewrite the model as X = (f o £71)(£(Z)) + e. Therefore, without restrictions on
F and P, the model is trivially nonidentifiable. To formalize this, let {&xp denote the push-
forward of p by €. One calls ¢ an indeterminacy transformation if fo&™!' € F and up € P.
The collection of all such transformations is the indeterminacy set A(F,P). Equivalently,
A(F,P) indexes the “transformation-based” comparison class {(fo&™t,&xp) : € € A(F,P)}
associated with a fixed pair (f,p). The key question is to determine which restrictions on F
and P make A(F,P) small while remaining flexible.

Our DCRL framework fits naturally into this framework. Here Z = {0, 1}%X. For Gaus-
sian responses and identity link, we may write X; = 7;(Z) 4 ¢; with £; ~ N(0,77), so that
f(Z) = (m(2),...,n;(Z)) € R7. For a fixed latent DAG G and measurement graph Q,
the corresponding classes can be viewed as Pg := {p on {0,1}¥ : p is Markov to G}, and
Fo=1{f=(m,...,ns) : {0, 1}* = R7: n;(2) = n;(z') whenever zx;, = 2}, Vj}. Addi-
tional assumptions used later in the paper can be understood precisely as further restrictions
on Pg and Fq, imposed to shrink the admissible indeterminacy set.

This viewpoint is conceptually useful, but it is important to distinguish settings where
the full statistical equivalence class coincides with the transformation-based class indexed
by A(F,P) from those where it does not. In identifiable CRL, it is widely assumed that the
generative map f is injective (Ahuja et al., 2023; Hartford et al., 2023) and that the obser-
vation model is well-posed in the sense that the distribution of f(Z) is determined by that
of X = g(f(Z),¢). A simple sufficient condition is an additive and independent observation-
noise model X = f(Z) + e with Gaussian noise distribution. Under these commonly used
injective-generator and well-posed observation assumptions, Xi and Bloem-Reddy (2023,

Lemma 2.1) shows that if two parameterizations (f,, p,) and (fp, pp) induce the same obser-
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vational distribution, then they must be related by a latent-space automorphism & € Aut(Z2)
in the sense that f, = f, 0 &' and p, = E4p, up to null sets. Hence, for such models, re-
stricting attention to the transformation-based comparison class (equivalently, studying the
indeterminacy set A(F,P)) entails no loss of generality. In the discrete case Z = {0, 1}%,
such a ¢ is simply a permutation of the finite latent state space, so {xp is merely a relabeling
of p and the remaining transformation-based comparison is finite.

In contrast, our DCRL framework does not directly assume a well-posed observation
model in the above sense. Without this end-to-end well-posedness assumption, which would
bypass much of the substantive difficulty, the reduction from general parameter-level equiv-
alence to the transformation-based comparison class indexed by A(F,P) is no longer auto-
matic. Accordingly, we begin by comparing arbitrary admissible parameter triples (0, G, Q)
and ((:j, G , Q) that induce the same observational distribution, and then enforce this reduc-
tion by imposing explicit, verifiable structural restrictions encoded by Q, together with more
delicate techniques tailored to our model class. This additional collapse step is precisely what
makes our analysis more involved than approaches that assume well-posedness directly.

Before proceeding, we first specify the parameter spaces. Define

Ok(©;6,Q) :

{@ : Gis a perfect map of p, 8,5 =0if S L K, By #0iff k € Kj}.

0x(0,6,Q) == {(@,g, Q): © € Qx(O:6, Q)}.

Now we introduce the equivalence relation that specifies the unavoidable ambiguity, and

then define generic identifiability relative to this equivalence.

Definition 2. For the discrete CRL framework, define an equivalence relationship “~” by
setting (©,G,Q) ~x (@,Q, Q) iff v = A and there exists a permutation o € Sig| such that

the following hold. First, p( =P, for allz € {0,1}* and G = O'(G), where U(C;)

Zcr(l):"'vzo'(K))

denotes the DAG obtained from G by relabeling each node k as o(k). Second, q;r = Gjom) for
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all j € [J), k € [K], and for all j and S C [K], Bjs = Bjo(s), where a(S) := {a(k) : k € S}.

Definition 3. Let (©*,G*, Q%) € Qx(0©,G,Q) be the true parameter triple of the discrete
causal representation learning framework. The framework is generically identifiable up to
~c if {© € Qx(©:G*,Q"): 3(0,Q.0) #x (©,Q",G) such that Pg g5 = Pe.qg+} is a

measure-zero set with respect to Qx (0;G*, Q).

The equivalence relation ~ is the discrete analogue of the transformation-based inde-
terminacies encoded by A(F,P), specialized to latent-coordinate relabelings.

The measure-zero qualifier in Definition 3 parallels the faithfulness convention in causal
discovery: for a fixed DAG, distributions that are Markov but unfaithful form a Lebesgue-
null subset of the parameter space, so faithfulness excludes only a negligible set of degenerate
configurations. Our generic-identifiability definition plays the same role here. After imposing
the latent Markov-plus-faithfulness condition on p, non-identifiability can still occur for
exceptional values of the continuous measurement parameters (B, ), but these exceptional
configurations form a Lebesgue-null set. Hence, restricting attention to generic identifiability
excludes only a measure-zero subset of “bad” (B,~) configurations. In this sense, the loss
incurred by discarding measure-zero subsets of parameters is as harmless as the loss incurred
when imposing faithfulness in the first place.

We now introduce the assumptions needed for our generic identifiability result.
Assumption 1. (a) G is a perfect map of p and p, € (0,1) for all z € {0,1}X.
(b) For each item j, nj(z) > n,(z") whenever z = Q;. and z' Q...

Assumption 1(a) is a restriction on the latent distribution class Pg. Assumption 1(b)
is a restriction on Fq: it imposes a monotonicity condition on each item response function
n;. This type of condition is also used in Liu et al. (2025); Lee and Gu (2025) to avoid the

sign-flipping for each latent variable.
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To ensure generic identifiability, we introduce an additional analytic assumption, which

holds for regular minimal exponential families on the interior of natural parameter spaces.

Assumption 2. For each j € [J], define the canonical countable separating class C5*" =

{XN(a,0]:a,beQ, a<b}U{A;}. Assume that HS # (), and that the following hold.
i) For every S € C$*", the map @ — P ¢(S) is real-analytic on H?.
J 7 J
(i) Pjo = IP; o implies @ = @' for all 0,0 € H?.

(ii) The link g; maps R x (0,00) into HS and is real-analytic. Moreover, exactly one of
the following holds. (a) (No dispersion) The link is independent of v and the slice map
n — g;(n,7) is injective for some (equivalently, any) fized vy € [0,00). (b) (With

dispersion) The full map (n,7) — g;(n,7) is injective on R x (0, 00).
Our main identifiability result is stated in the following theorem.
Theorem 1. Under Assumptions 1 and 2, DCRL is generic identifiable if the following hold.

(i) After a row permutation, we can write Q* = [Q],Q,, Q3 ]", where Q;, Qq € {0, 1}E*K

have unit diagonals (off-diagonals arbitrary), and Qg has no all-zero column.
(i) No column of Q* contains another: for any p # q, neither QF, = Qr, nor Qf, = Q.

Condition (i) is best viewed as a weak coverage requirement on the measurement design:
it guarantees that every latent coordinate affects at least one observed variable, and that
there exist some anchor-like items in which each latent is forced to appear. However, it is
weak in the sense that such anchor-like items may still depend on many other latents. Our
condition (ii) coincides with Condition 3.1 (the subset condition) in Kivva et al. (2021). As
they observed, violating this subset condition can lead to non-identifiability. Similarly, we
emphasize that condition (i) alone is not sufficient for generic identifiability. In particular,
Appendix S.2 constructs a model satisfying condition (i) in which Q has distinct columns and

each column contains at least one zero, yet the framework fails to be generically identifiable.
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Our proof is a three-step reduction of the comparison class. First, a Kruskal-type tensor
argument collapses the original continuous parameter comparison to a finite, transformation-
generated comparison class: any remaining competitor with the same observational law must
be of the form (£4p,n o '), where € € Syx is a permutation of the 2% latent states of Z.
Thus, after the tensor step, we are essentially in the setting of Moran and Aragam (2026), and
the problem becomes how to shrink the indeterminacy set A(F,P) = Sox. Before further
reducing A(F,P), we first identify Q: using Assumption 1(b) and an inclusion—exclusion
argument on the transformed n-array, we show that all these 2% admissible competitors must
have measurement matrices that agree with the true Q up to a coordinate permutation. This
observation makes the structural constraint on Fq much clearer. We then return to reducing
A(F,P): the subset condition, together with the structural constraint on Fq, reduces the
indeterminacy set from Syx to (Z2)® x Sk, corresponding to coordinate permutations com-
bined with coordinatewise bit-flips, and Assumption 1(b) further rules out bit-flips, leaving
only coordinate relabelings in Sk. Finally, 3 and G are recovered from the invertible linear

map 1 <> B and the perfect-map condition, yielding identifiability.

3.2 Extension to Identifiability of the Polytomous-attribute Case
We extend the binary-latent-attribute framework in Section 2 to the case where each latent
attribute is polytomous with possibly different numbers of categories. Fix integers M, > 2
for k € [K] and let Z = (Z,,..., Z) take values in [[1_,[My] where [M] = {0,1,..., M) —
1}. The latent law p is generated by a categorical Bayesian network on a latent DAG G.
Conditionally on Z, the items are independent and each X | Z follows the same item-specific
family and link specification as in (1).

Similar to the binary case, we still use Q = (g;x) € {0,1}'*¥ to encode the bipartite
measurement graph, where ¢;; = 1 means that the latent variable Z, is a direct cause of the
observed variable X;, and set K; := {k € [K] : ¢;, = 1}. For any latent configuration vector

u € [[i,[My], define supp(u) := {k € [K] : u, > 1}. For each j € [J], introduce coefficients
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{Bju} indexed by u € [[r,[M;], and define the linear predictor for every latent state
z € [[1,[My] by 1;(z) = D wsupp(u)CK; u<z Diu- Equivalently, 7;(z) is a linear combination
of the coefficients {f; 4}, and a term ;, contributes to n;(z) only when supp(u) C K; and
u < z. Collect 8, = (iju)uel_[,ﬁil[Mk} €R"and let B=(8/,...,8))" € R/*".

With this parameterization in place, Q still admits a direct causal interpretation in the
polytomous-attribute regime: if ¢;, = 0, then varying Z; while holding the other latents fixed
does not change 7;(z) and hence does not affect the conditional law of X;; whereas if ¢;, = 1,
increasing Z;, from level s to s+1 activates new contributions in 7);(z), including a level-(s+1)
main-effect contribution of Z; and potentially additional interaction contributions with other
latent causes in K that become available only after Z; reaches level s 4+ 1. Because these
newly activated effects are assigned their own parameters rather than being constrained to
scale linearly across levels, the causal effect of Z; on X; can vary across levels and across
configurations of the other latents, making the model highly flexible.

Latent relabeling can only permute coordinates with the same number of categories. In
particular, coordinates with different M) cannot be swapped. All formal definitions, includ-
ing the parameter spaces and the generic identifiability notion, are given in Appendix S.4.

Conditions in Theorem 2 are parallel to those in Theorem 1, and Assumption 3 is the
ordered-level analogue of the monotonicity in Assumption 1(b). With these in place, we
obtain generic identifiability for the polytomous-attribute extension of DCRL. It is worth
pointing out that, if My = 2 for all k£ (i.e., the binary-attribute case), then all assumptions

and conditions in Theorem 2 reduce to Theorem 1 exactly.

Assumption 3. For each item j, define the top-set M; :=={Z € Z : Z, = My, —1 for all k €
K;}. Assume maxgez\am, 0;(Z) < mingen, n;(Z) for j € [J]. Moreover, for each item j,
each k € K;, and each threshold w € [My — 1], define 7'1(];“) ={Z e Z:7Z, >u, Z=
My —1Vhe K\ {k}} and T3 ={Z €2 :Zy <u—1, Z, =M, —1 Vhe K;\ {k}},

and assume e nj(Z) < MmNy 7k n;(Z).
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Theorem 2. Under Assumption 1(a), Assumption 2, and Assumption 3, the polytomous-

attribute DCRL is generically identifiable if the following conditions hold.

(i) For each k € [K], let my = [logy, M}] and d = Zszl my. After a row permuta-

tion, Q* = [Q/,QJ,QJ]" with Q,Q, € {0,1}JXK. For each a € {1,2}, Q, =
Qi1 Q4 )", where Qg € {0,1}™5 and every row of Quu has a 1 in column

k. Other entries are arbitrary. Moreover, Qs has no all-zero column.

(ii) For any p # q, neither Q,=Q4norQ.,=Q.,.

Condition (i) implies that at least 23 r  ([log, My]) + 1 items are required to achieve
generic identifiability. For the binary-attribute case, condition (i) reduces to J > 2K +
1, matching the binary generic-identifiability requirement in Theorem 1. The logarithmic
order my = [logy M} | here is optimal up to constants and the ceiling since this theorem
is required to hold uniformly over the general response families. It suffices to consider the
binary-response submodel contained in our framework. Fix a coordinate k, and consider
any collection of [ items with ¢;; = 1. Write their joint response as X € {0,1}'. Choose
a latent DAG G in which Z, is a root so that its marginal p*) can vary freely on an open
set, and fix all remaining latent parameters as well as parameters (B,-). Then for each
s € {0,..., M}, — 1}, the conditional law of X given Z, = s is a vector v, € ]Rgl, and the

marginal law of Y is the mixture P(X = ) = Zi\ﬁ;lpgk)

Vs, so the map p® — P(X = )
is linear. If 2! < M, this linear map cannot be injective on any open set: there exists
0 # h € RMe with >~ hy = 0 such that Y, hsvs = 0, and hence for every interior p*) and
all sufficiently small ¢, the two distinct marginals p®* and p®) + eh induce the same law of
X. Thus the set of parameters yielding non-identifiability contains an open subset, so generic
identifiability fails in this binary submodel unless 2! > M. Consequently, the logarithmic

scaling in condition (i) is sharp in magnitude for the general-response setting, reflecting that

polytomous attributes with more categories require more items to achieve identifiability.
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Our proof of Theorem 2 follows the same spirit as Theorem 1 but contains delicate
arguments to address the extra challenge in the polytomous-attribute case. First, a Kruskal-
type tensor argument again collapses the original continuous parameter comparison to a
transformation-generated comparison class: any remaining competitor with the same ob-
servational law must be of the form (£xp,m o &), where now & € S, and r = Hle M;,.
Then the remaining task is again to shrink A(F,P) = S,. But the next step is more sub-
tle than in the binary case. The inclusion—exclusion reconstruction of Q does not extend
directly to the polytomous setting, so we instead use the subset condition to identify Q
and then reduce the indeterminacy set from S, to (Hszl Sar,) X Sk, where Sgv = {0 €
Sk + Moy = My, Vk € [K]}. We then impose the monotonicity condition to eliminate the
within-coordinate permutations, reducing the indeterminacy set further to Sk n. This dif-
ference causes the group-reduction step to exclude a Lebesgue-null exceptional set, whereas
the corresponding step in the binary case does not, reflecting the genuine difficulty of the

polytomous case. Extracting the second step specifically yields the following corollary.
Corollary 1. Let Z = Hszl[Mk}, where M, > 2, and consider the representation model
X = f(Z)+e, where f = (f1,..., fs): Z = R’. For a binary matriz Q = (g;x) € {0,1}/*F,

write K; := {k € [K] : ¢j = 1}. Define P:={ponZ: Y, -p, =1} and

neither Q:,a = Q:,b nor Q:,b = Q:,a? (v a 7é b),

F= {f:Z—HRJ FQ e {0, 1} st f5(2) = f;(2) whenever k., = 7 <J‘€U1>v}

fi(z) # fi(2') whenever zy, # 7y, (j € [J])

Then every admissible indeterminacy transformation £ € A(F,P) can only permute coordi-

nates (with the same number of categories) and relabel the levels within each coordinate.

Corollary 1 establishes disentanglement in the sense of Moran and Aragam (2026): among
all admissible latent bijections £ : Z — Z that preserve membership in (F,P), the only

ones that remain are element-wise transformations and permutations. Notably, this con-
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clusion is obtained with f treated nonparametrically, subject only to the restrictions in
F, rather than under a specific parameterization like all-effect forms. Moreover, under
injective-generator and well-posed observation assumptions that are common in identifiable
CRL (Ahuja et al., 2023; Khemakhem et al., 2020), the full statistical equivalence class co-
incides with the transformation-based indeterminacy class (Xi and Bloem-Reddy, 2023), so
the corollary yields a direct disentanglement conclusion from observational data alone. This
contrasts with much of the existing literature, where even after adopting the same base-
line, additional sources of variation—such as auxiliary variables, multiple environments, or
interventions—are typically invoked to further shrink the indeterminacy set down to permu-
tations and component-wise transformations (Khemakhem et al., 2020; Ahuja et al., 2023).
In our framework, mild structural constraints on f encoded by Q already enforce this shrink-
age at the level of A(F,P), which can be viewed as a natural restriction when Q is used
to describe which latents affect which measurements. If one further imposes a monotonicity

condition, the within-coordinate relabelings can also be removed.

4 Estimation Procedure and Theoretical Guarantees
With a slight abuse of notation, we let X denote the N xJ data matrix with rows Xy, ..., Xy.
Similarly, let Z denote the corresponding N x K latent variable matrix with rows Zq, ..., Zy.
Given the bottom-layer data X € RY*7 with unknown latent causal structures and param-
eters (p,G,B,Q,~), our objective is to recover Q and G. In this section, we provide the
complete pipeline for recovering the measurement graph and latent DAG (Algorithm 1).
Next, we describe the pipeline in detail. In Stage I, we apply a penalized maximum like-
lihood estimator to obtain (p, ]§, ~) and hence Q, as detailed in Section 4.1. In Stage II, we
fix a strictly increasing sampling rule f : Z, — Z, and draw f(V) i.i.d. latent samples from
D = (Pz)aefo1yx to form the resampled matrix 7 € {0,1}/™)*K _ The requirement that f be

strictly increasing is imposed purely for notational convenience, and our analysis depends

only on the growth rate of f(V) relative to N. In Stage III, we run Greedy Equivalence
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Algorithm 1: Discrete Causal Representation Learning: Estimate-Resample-Discovery

Data: X, K, strictly increasing sampling rule f : Z, — Z.
Stage I: Parameter Estimation,;

Obtain the estimated (p, ]§, ~);

Set Q by the support of B: Tk I(Bj,k #0);

Stage II: Latent Resampling from p;

Draw f(N) ii.d. samples Z() ... ZU(N) RS p and stack them into Z € {0, 1}/ (N*K,

Stage I1I: Causal Discovery on Latent Space;

Perform a causal discovery method on 7 to obtain the estimated é ;

OUtPUt: (ﬁv ﬁv;?a Q7 G\)

Search (GES; Chickering, 2002) on 7 to obtain an estimate QA; details on GES are given

in Section 4.2. In Section 4.3, we specify suitable ranges for the resampling size f(N) and

conditions to ensure that this three-stage pipeline enjoys rigorous consistency guarantees.
While our identifiability results hold for the all-effect specification, in practice we focus on

the main-effect specification for parsimony, interpretability, and computational tractability.
4.1 Penalized likelihood estimation via Gibbs—SAEM
Let /(@ | X) = 2N log P(X; | ©) be the marginal log-likelihood from (2), and define

6 ¢ argmax {£(© | X) ~ pa, 1 (B) . ®

where py, -, is an entrywise penalty extended additively over B = (B,x): pay.ry(B) =

Z?Zl Z}]=1 Day.ry (Bjx)- The bipartite matrix is then estimated by thresholding:
Gu= 1B #£0).  jelJ), ke K], (4)

Throughout, we assume that the penalty p,, -, satisfies the regularity conditions in Lee and
Gu (2025, Supplement S.1.4), including standard truncated sparsity—inducing penalties such
as the truncated Lasso penalty (TLP) (Shen et al., 2012) and the smoothly clipped absolute
deviation (SCAD) penalty (Fan and Li, 2001), and we do not reproduce them here

The following result establishes consistency of the parameters and the bipartite graph.
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Theorem 3 (Theorem 3 in Lee and Gu (2025)). Let (©*, Q*,G*) denote the true parameters
in the discrete CRL framework. Suppose the parameter space is compact and all entries of
B are bounded, the data-generating process at ©* is identifiable and has nonsingular Fisher
information, and the tuning parameters satisfy 1/\/N L v K )\N/\/N <1 If © solves
(3), then there exists a relabeling © ~ © such that |1© — ©*|| = O,(1/V/N). Moreover,
with Q computed from © wvia (4), one has P(Q # Q*) — 0.

We compute (3) via a penalized Gibbs—-SAEM algorithm (Delyon et al., 1999; Kuhn and
Lavielle, 2004; Lee and Gu, 2025). A direct EM implementation would require evaluating
the conditional expectation of the complete-data log-likelihood by summing over all 2%
latent configurations. This leads to an O(NJ2K) cost per outer iteration, which becomes
prohibitive once K is moderate. Gibbs—SAEM sidesteps this by replacing the exact E—step
with low-cost Gibbs updates. We summarize the resulting algorithm in Algorithm 2.

In the E-step we run an alternating coordinate Gibbs sampler (Gu and Xu, 2023) tar-
geting the posterior P(Z | X; ®) under the parameter iterate ® = (31~ pl). In our
implementation we take a single Gibbs sweep per outer iteration (C' = 1) following Delyon
et al. (1999). Within this sweep we visit each coordinate Z; in turn. Conditional on the
current value of all other coordinates Z; _, the conditional distribution of Z;; is Bernoulli
with success probability IP’(ZNC =1|2;4Y,; @M) x IP(ZNg = 1,Zi7_k;pm) H;.IzllP)(Xij |
Z;; ,Bj[-t],fyj[-t]), and similarly for Z;;, = 0. Equivalently, the log-odds of Z;; = 1 versus 0 is
given by the difference in log joint densities when flipping that bit. This conditional has
a closed form and is straightforward to sample from. To keep each flip inexpensive, we
maintain for every sample-item pair the linear score v;; = ﬂ% + Zszl BJ[-'?},CZZ-;C, so that the
likelihood contribution of Z; to X;; can be updated by rank-one changes in 1;;. Flipping a
single bit Z; ;, modifies all 9;; by adding or subtracting 3 ][t]k, which costs O(J) operations. A
full Gibbs sweep visits all K coordinates for each of the N individuals, so the E—step costs

O(NJK) per outer iteration, in contrast to the O(NJ 2%) cost of exact EM when K grows.
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The Gibbs sweep produces an updated latent matrix Z{+! inducing an empirical dis-
tribution on {0, 1}¥ that we use to update p via Robbins—Monro stochastic approximation.
Writing plit! for the empirical proportions of the sampled configurations at iteration ¢ + 1,
we set plt = (1 — 0,41) p + 0,1 PUTY, with stepsizes {6, },>1 satisfying Y, 0, = oo and
3,07 < .

In the M-step, for each row j of B we set

C N
0 r
Fj[tH] (Bj,vi) = (1= 041) F][t] (Bj,v5) + —gl Z Zlog P(Xij | Z; = ZE””’ ;5j>’7j)a

r=1 =1

and then solve the penalized maximization (,BJ[-HH,%[H”) = argmaxg, -, {Fj[tﬂ] (Bj,7v;) —
Do (,Bj)}. Together, the Gibbs E-step and penalized SAEM M-step provide an efficient
stochastic optimization scheme for the penalized objective (3).

In complex latent variable models, the penalized SAEM algorithm may converge to local
maxima if poorly initialized. To mitigate this, we adopt a spectral initialization that first
applies the universal singular value thresholding (Chatterjee, 2015) procedure for low-rank
generalized linear factor models (Zhang et al., 2020), followed by an SVD-based Varimax
rotation to obtain sparse factor loadings (Rohe and Zeng, 2023). See Section S.9.2 for details.

Algorithm 2 yields estimates of p and Q, which suffices to infer the latent causal structure.

It remains to sample latent variables from p and apply a causal discovery method. In this

work, we employ GES and therefore first review its relevant details.

4.2 Greedy Equivalence Search

Greedy Equivalence Search (GES) is a score-based causal discovery method that searches
over Markov equivalence classes (MECs) and is guaranteed to identify the MEC of the true
DAG under suitable conditions on the scoring criterion. This subsection briefly reviews these
conditions, as they will guide our choice of score in the presence of estimation error from p.

Let D denote N i.i.d. samples from a distribution p* that is faithful to DAG G*. In a
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Algorithm 2: Penalized Gibbs—=SAEM Algorithm
Data: X, K, tuning parameters Ay, 7y, stepsizes {6;}+>1, number of Gibbs sweeps C' > 1.
Initialize ZI, ©) = (pl?), B0, ~0), F = 0 for j € [J]; set ¢ + 0.
while ||@+1 — ©|| is larger than a threshold do
Zewr + ZU;
for r € [C] do
for i € [N] do
for k in a random permutation of {1,..., K} do
2V (1, Zewrsi—1), 29 < (0, Zewri—k);

X5 |z ﬁj[t]ﬁ] )
Xij | 208,41y

J

P

ALy, + log pll(zM) —log pl* (z(V)) + E log ]P’E
j=1

Zcur,i’k ~ Bernoulli(expit (Agzk)) ;

end

end

ZIT — Zewr;
end
ZltH] L glt+1.C,
pltl(z) ZZ 1{Z[1Hrl =z} for z € {0, 1}%;

r=1 i=1

plt(z) « (1 — 0i11) p(2) + 011 P (2);
for j € [J] do

F[t+l] /6]7 ] ZZlogIP’ ij ‘ Z; —Zt+1] 7537 ])

r=1 i=1

F[t“](ﬁg,%) e (1= 041) EV By, ) + e EV(B5,7);
<ﬂ““ WY o argmaxg, o, {F(81,7) — payary (B1) )
end
t—t+1;

end

Let p + p/Tl and (B,'Ay) — (BT, 4Ty at convergence;
Estimate the measurement graph Q from the sparsity pattern of (4);
Output: © = (ﬁ,é, ) and Q.

score-based framework, each DAG G is assigned a score S(G; D), and the estimation problem
is formulated as G* € argmaxg S(G; D). Based on a scoring criterion, GES performs a two-
phase greedy search over equivalence classes represented by CPDAGs: a forward phase that

repeatedly applies a valid insertion whenever it increases the score, followed by a backward
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phase that greedily applies valid deletions until no further score increase is possible.

We recall several key properties of scoring criteria. The theoretical guarantees of GES rely
on the following standard notions (Chickering, 2002): score equivalence, decomposability,
consistency and local consistency.

First, a score is score equivalent if it gives identical scores to all DAGs in the same MEC.

Second, decomposability requires that the score can be expressed as S(G, D) = > ", s(R;,
Pa%) where each local term is a function only of R; and its parent set Pa’.

Third, the score is said to be consistent if, in the limit as N — oo, we have S(H,D) >
S(G,D) whenever p* € M(H) and p* ¢ M(G), and S(H,D) < S(G,D) whenever p* €
M(H) N M(G) and G contains fewer parameters than H.

Finally, the score is locally consistent if, when G’ is obtained from G by adding an edge
u — v, we have in the limit as N — oo that S(G',D) > S(G, D) if R, U~ R, | Pa%, and
S(G", D) < S(G,D) if R, 1L, R, | Pa%.

A score commonly used in score-based methods is BIC. The BIC score for graphical
models (Schwarz, 1978; Koller and Friedman, 2009) is defined as S(G;D) = logps(D) —
+dglog N, where 6 is the maximum likelihood estimate over M(G) and dg = dim (0(G))
denotes the number of free parameters in the model associated with G. Since we focus
on discrete Bayesian networks, we also consider the BDeu (Bayesian Dirichlet equivalent
uniform) score, defined as the log marginal likelihood under a uniform Dirichlet prior on
each conditional probability table (Heckerman et al., 1995), which is score equivalent. For
a fixed equivalent sample size, the BDeu score and BIC differ only by an O(1) term (Koller
and Friedman, 2009), so they are asymptotically equivalent. For the remainder of the paper,
we adopt the BDeu score to recover G in the proposed causal discrete measurement models.

If a score-equivalent criterion is locally consistent, GES returns the MEC of G* as N — oo
(Chickering, 2002, Theorem 4). Moreover, BDeu is locally consistent for discrete Bayesian

networks (Chickering, 2002), guaranteeing that GES recovers the MEC of G* as N — oc.
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4.3 Theoretical Guarantees

Our main result is stated as follows.
Theorem 4. Consider the discrete causal representation learning framework with true pa-

rameters (p*,G*, B*, Q*,~v*). Suppose Assumption 1 holds, the framework is identifiable
up to ~y, the Fisher information at ©* is nonsingular, and the entries of B are uni-
formly bounded. Assume that Stage I of Algorithm 1 employs the penalized optimization
problem (3) with tuning parameters (Tn, An) satisfying \/—% <L v K f)—% < 1, and that
Stage 111 applies Greedy Equivalence Search with the BDeu score to the resampled latent
data Z. Further assume that the sampling rule f : Z, — Z, 1is strictly increasing and

satisfies f(N) = o(Nlog N). Then, as N — oo:
(i) There exists © ~x (P, B,7) such that |© — ©*|| = O,(N"2) and P(Q = Q*) — 1.
(ii) G recovers the MEC of G* with probability tending to 1.

In practice, we specifically employ Penalized Gibbs—SAEM (Algorithm 2) to solve (3) and
thereby complete Stage I of Algorithm 1. Below, we provide a detailed account of how the
theorem is established and highlight the main technical challenges involved in the argument.

Because Stage III in Algorithm 1 applies GES to resampled latents drawn from an es-
timated law rather than the unobserved p*, our setting is more complex than Chickering
(2002), where the data are drawn directly from a fixed p*. Classical consistency and local
consistency must therefore be strengthened to tolerate sampling from a sequence {px} ap-
proaching p* at a specified rate. This refinement is crucial for applying GES to Z rather
than the unobserved Z. We now introduce the rate-robust notions needed for this purpose.
Definition 4. Let p* = Py« and Dy = {Rn1,...,Rnn} be i.i.d. from some py = Py,,. We
say a score S is {cn }-consistent if ||On — 0*|| = Oy(1/cn) with cx — oo, and as N — oo
the following hold: (i) if p* € M(H) and p* ¢ M(G), then S(H,Dy) > S(G,Dy) with
probability — 1; (ii) if p* € M(H) N M(G) and G contains fewer parameters than H, then

S(G,Dn) > S(H,Dy) with probability — 1.
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By Lemma 7 in Chickering (2002), a decomposable consistent score is locally consistent;

hence {cy }-consistency and decomposability yield {cy }-local consistency.

Definition 5. Let p* = Pp« and Dy = {Rna,...,Ryn} be ii.d. from some pn = P, .
Let G' be obtained from G by adding the edge i — j. We say a score S is {cy}-locally
consistent if ||@n — 0*|| = O,(1/cn) with ey — 00, and as N — oo the following hold: (i) if
R; W, R; | Paf, then S(G',Dy) > S(G, Dy) with probability — 1; (i) if R; 1L« R; | Paf,

then S(G',Dn) < S(G,Dy) with probability — 1.

If a score-equivalent score criterion S is {cy }-locally consistent and the sampling law py
used for resampling remains within the prescribed {cy }-local tolerance of p*, then it can be
shown that applying GES with S to samples Dy drawn from py still returns the MEC of
G* as N increases. Our first task is therefore to identify a {cy }-locally consistent criterion;

a standard choice already does so. The next theorem places BDeu in our {cy} framework.

Theorem 5. The BDeu score is {cy }-consistent for discrete causal graphical models, where

o)

en = w( e N)-

Since BDeu is decomposable, we immediately have:

Corollary 2. Using the notation in Theorem 5, the BDeu score is {cy}-locally consistent

for discrete causal graphical models, where ¢y = w(, /lo]gVN)'

Leveraging this key property, we apply GES with the BDeu score to the resampled
latent data. Concretely, in our pipeline we first use the N observed samples to construct
an estimator Oy of the true 0*, then draw f(V) samples from Py, and run GES scored by
BDeu on these resamples. For ease of further discussion, assume the estimator obeys the
rate ||§N —0*|| = 0,(1/9(N)), where g : Z — R is strictly increasing with g(N) — oo.

Under the indexing convention of Definitions 4 and 5, the distribution generating Dy
should be labeled by the sample size that produced it; in particular, it is an estimate

from f~!(N) samples rather than from N. Equivalently, §f71(N) = 0Oy, so |0y — 0] =
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0,(1/9(f7(N))). Invoking Corollary 2, it thus suffices that g(f~'(N)) = w(,/%) to
guarantee that GES on the new data recovers the correct MEC. Recall that Theorem 3 gives
P — p*|| = O,(N~Y2). Combining this N~/2 rate with g(f~'(N)) = w4 /%) yields
J7YN) = w(N/log N), which holds whenever f(N) = o(NlogN). This determines an

appropriate sampling rule f(N) guaranteeing consistency for the causal graph.

5 Simulation Studies

We conduct simulation studies across diverse settings to evaluate the proposed pipeline (Al-
gorithm 1), using Algorithm 2 in Stage I. We begin with the comparison experiments and the
generative setup shared across all simulations. These settings are chosen to satisfy the strict
identifiability conditions in Theorem S.1 and create scenarios of varying difficulty for struc-
ture recovery. In all simulations, we use three measurement families—Gaussian, Poisson,
and Bernoulli—to represent continuous, count, and binary observations, respectively. The
exact constructions of two possible measurement graphs Q, Q2, and parameters p, (B,~)
are given in Supplement S.9.3. For the resampling step, we fix f(N) = N in all main-text

experiments, while Supplement S.9.4 reports a sensitivity analysis over f(N) € {2N,3N}.

Simulation Study I: Comparison experiments. We benchmark our method against the
influential work of Kivva et al. (2021), which proposed a theoretically well-founded frame-
work for learning DAGs with discrete latent variables. Its publicly available implementation
currently supports latent dimension only up to K < 5, so in this comparison we focus on
Gaussian models with K = 5. For these comparison runs we set Q = Q;. We adopt three
standard benchmark latent DAGs with K = 5 shown in Figure 2.

We fix f(N) = N with N € {1000, 5000, 10000}. Structural Hamming Distance (SHD)
is computed on the full composite graph obtained by combining the latent DAG G with the
bipartite measurement graph Q. Since the composite graph contains both edges between the
latent variables and edges in the bipartite graph, the absolute SHD values can be numerically

large, yet the comparison remains fair because both methods are evaluated on the same
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Chain-5 Tree-5 Model-5

Figure 2: Simulation benchmarks for the comparison experiments

composite graph. Table 1 summarizes results from 100 independent replicates and shows

that our method substantially outperforms Kivva et al. (2021).

Proposed DCRL Mixture-Oracle
1000 5000 10000 1000 5000 10000

Chain-5 0.38 0.02 0 23.66 22.68 21.7
Tree-5 047 0.07 0 23.16 223 2194
Model-5 1.42 0.06 0 22.6 2238 2237

Table 1: SHD on the composite graph G U Q under two methods with f(N) = N;
penalized Gibbs—SAEM attains far smaller SHD across all settings and improves to near-
perfect recovery as N grows.

To interpret these results, recall that Kivva et al. (2021) formulate their identifiability
theory at a high level of generality: they do not assume a specific likelihood, nor fix K or
the number of categories in advance. Instead, such information is, in principle, recoverable
from the geometry of the mixture distribution over X. In practice, this is implemented
via a mixture oracle that is approximated by clustering on the observed space, effectively
treating each latent configuration as a separate mixture component and thus requiring the
recovery of up to 2% clusters on the full X. For moderate or large K, especially when
the mixture components are only weakly separated, this reliance on clustering becomes
statistically fragile. In addition to these statistical challenges, Theorem 4.8 of Kivva et al.

(2021) shows that even the subroutine for recovering the bipartite graph I has complexity
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O(N*%), further limiting the applicability of their implementation to relatively small sample
sizes and latent dimensions, consistent with the constraint K < 5 in the released code.

By contrast, we work within a more structured but still flexible framework: we posit a
sparse measurement graph and an explicit item-wise likelihood for X | Z. This additional
structure allows us to exploit the likelihood via a penalized SAEM algorithm, which leads

to substantially more accurate estimation in the weakly separated regimes considered here.

Simulation Study II: Larger K and more challenging settings. We next consider
larger latent dimensions and a broader collection of latent DAGs, illustrated in Figure 3. The
five benchmark latent DAGs in Figure 3 (Chain-10, Tree-10, Model-7, Model-8, and Model-
13) have latent dimensions K = 10,10, 7,8, and 13, respectively. The latent dimension K
here is substantially larger than in Kivva et al. (2021); Huang et al. (2022); Prashant et al.
(2025), adding to the difficulty of accurate recovery. All three distributional types (Gaussian,

Poisson, Bernoulli) and both Q; and Q, are considered.

Model-7

Chain-10 Model-13

Figure 3: True latent DAGs for Simulation Study II.

We conduct 500 independent replicates in each simulation setting, and report in Table 2

the average SHD computed on the full composite graph GUQ. Table 2 reveals a clear pattern:

28



Bernoulli Poisson Gaussian

N N N
Model Q  #edges 3000 5000 7000 3000 5000 7000 3000 5000 7000

Chain-10 Q: 57 5.5  3.294 2938 2248 1.362 0.638 0.412 0.254 0.122
Q2 73 5.664 3.258 3.042 2174 0.704 0.488 0.406 0.208 0.146

Q: 57 4372 2308 1.308 1.85 1.692 136 094 0.51 0.308

Tree-10 Q2 73 4.3 1.936 1.26 2.676 1.556 1.146 1.14 0.618 0.346
Model-7 Q: 41 7.692 6.334 5.798 5.838 5422 4892 0.196 0.042 O
Q2 51 7.554 6.304 5.68 5.848 5.526 5.082 0.262 0.054 0.004
Model-8 Q: 46 4336 2682 219 2106 1916 1878 0.132 0.048 0
Q2 58 4.342 272 2374 2.264 1.9 1.782 0.202 0.052 0.002
Model-13 Q; 81 22.37 16.454 14.062 24.65 16.472 14.162 3.206 1.646 1.008

Q2 103 22252 16.29 14.606 25.134 15.626 12.934 3.032 1.872 0.994

Table 2: Average SHD on the composite graph G U Q with f(/N) = N; SHD decreases with
N across all designs and is smallest for Gaussian, intermediate for Poisson, and largest for
Bernoulli. The column #edges reports the number of edges in the composite graph.

Bernoulli data are the most challenging, followed by Poisson, and Gaussian is the easiest.
This is consistent with the intuition that discrete observations carry less information, which is
why most existing simulation studies focus on the continuous Gaussian case. Although some
of the reported SHD values may look large in absolute terms, they should be interpreted
relative to the size of the underlying graph: the composite object contains not only the
latent DAG G but also the bipartite layer induced by Q, which contributes a substantial
number of edges. For instance, in the Model-13 design, the target structure consists of
a DAG on 13 latent variables together with a bipartite graph between 13 latent and 39
observed variables; when Q = Q; the resulting composite graph already contains 81 edges,
and when Q = Qs it contains 103 edges. Consequently, even a small relative error can
translate into a seemingly large SHD. Viewed in this light, the results in Table 2 already
indicate accurate recovery across all three measurement families. Moreover, within each
simulation configuration, the average SHD decreases systematically as the sample size N

increases, which provides empirical support for our identifiability theory.
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6 Applications to Educational Data and Image Data

We evaluate our method on an educational assessment dataset and a synthetic ball-image
dataset. In the educational dataset, we examine whether the recovered causal structure
among latent cognitive skills is interpretable. The image dataset is a high-dimensional bench-
mark with a known generative process and ground-truth latent DAG, inspired by “balls”
image setups in causal representation learning (Ahuja et al., 2023, 2024). The image data
allows us to assess whether our method simultaneously recovers the true causal relationships

and learns interpretable latent representations from high-dimensional observations.

6.1 TIMSS 2019 Response Time Data

We apply DCRL to response time data from the TIMSS 2019 eighth-grade mathematics as-
sessment for U.S. students (Fishbein et al., 2021), recording each student’s time (in seconds)
on each item screen. The assessment evaluates seven skills: four content skills (“Number”,
“Algebra”, “Geometry”, “Data and Probability”) and three cognitive skills (“Knowing”,
“Applying”, “Reasoning”). We follow the preprocessing steps of Lee and Gu (2024), but
pursue the more demanding goal of recovering causal relationships among the latent skills.

We consider students who received booklet 14. Following Lee and Gu (2024), we log-
transform and truncate response times to mitigate outlier influence, yielding a dataset of
N = 620 students and J = 29 items. We fit this dataset under a lognormal observation
specification within the DCRL framework.

Since the TIMSS 2019 database already specifies which skills are assessed by each item,
the skill-item association matrix Q is known and can be directly constructed as a 29 x 7
binary matrix (see Table S.4). Notably, this matrix satisfies the identifiability conditions in
Corollary S.4, ensuring that the latent causal structure can be uniquely recovered up to label
permutations and Markov equivalence. Therefore, we accordingly make minor modifications

to our previous algorithm: we eliminate the sparsity-inducing penalty term and restrict
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each latent variable to be connected only by those items that are designed to measure it,
as determined by the known matrix Q. Moreover, the screen-level response time matrix
contains some missing entries. Similar to Lee and Gu (2025), we treat all such entries as
missing at random. Algorithmically, objective functions are computed by summing only over
person—item cells with observed response times.

With these modifications, the algorithm outputs the causal structure as a CPDAG (Fig-

ure 4), since the DAG is identifiable only up to its Markov equivalence class.

Algebra Applying

O content skills

cognitive skills

Figure 4: Learned Causal Relationships Among Seven Latent Skills

The recovered causal graph aligns with cognitive expectations and curriculum structure.
The three cognitive skills—“Knowing”, “Applying”, and “Reasoning”—form a directed path,
consistent with the progressive nature of cognitive processing. Among the content skills,
“Number” is foundational and shows strong links to both “Algebra” and “Data and Probabil-
ity”, reflecting their shared reliance on numerical reasoning. Although “Geometry” typically
requires less numerical computation, it remains connected to both “Algebra” and “Data and
Probability”, suggesting overlapping problem-solving strategies. Among these four content
skills, “Data and Probability” is likely the most comprehensive, as it requires a broad range
of skills, making it directly linked to the three cognitive skills. This supports the interpre-
tation that tasks involving data interpretation demand a combination of factual knowledge,

application, and reasoning, positioning it as an integrative skill in mathematical cognition.
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6.2 Ball Image Data

We build a “seesaw + occlusion” experiment in which each latent variable represents a
visibility, presence, or configuration event in the observed image. Two binary variables
indicate the presence of balls on two well-separated slots of a forked tray, which acts as a
load on the right side of a seesaw. Let Z;,Zy € {0,1} denote the presence indicators of
these two tray balls. The seesaw’s mechanical response determines whether the left-side
ball rises to an “up” configuration, denoted Z3 € {0,1}. To reflect natural heterogeneity in
physical conditions (e.g., slight variations in ball weights or instrument failures), we model
this mechanism stochastically rather than deterministically by setting P(Z3 = 1 | Z; =
1,Zy=1)=08and P(Z3 = 1| (Z1,Z3) # (1,1)) = 0.2, so that the tray balls increase the
probability of the “rise” event without forcing it.

Finally, we introduce a fourth ball that is physically present but typically occluded by
the left ball when the seesaw is in the down configuration. When the seesaw rises (Z3 = 1),
the fourth ball may become visible; we define Z; € {0,1} as its visibility indicator, with
P(Zy=1]|2Z3=1)=0.99 and P(Zy = 1| Z3 = 0) = 0. Overall, this construction yields
a physically motivated latent causal structure Z;, 7, — Z3 — Z, while keeping the latent
variables binary for a principled reason: each Zj corresponds to a discrete, image-level event
(presence, configuration, or visibility).

Figure 5 shows representative images; full rendering and preprocessing details are in
Supplement S.9.6. Each rendered grayscale image is converted to a balls-only binary mask,
resized to 96 x 96, and then pooled to a 16 x 16 binary image. We fit the model using this
pooled representation, so each sample is a 256-dimensional binary vector, where 1 denotes a
bright pixel and 0 denotes a dark pixel. We generate 10000 images.

We fit DCRL with K = 4 binary latent variables and Bernoulli responses, a high-
dimensional setting with J = 256 observed dimensions substantially larger than in our

simulation studies. The observed variables are modeled as: X; | Z ~ Ber(giogistic(Bj0 +
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Z=[0,0,0,0] Z=[1,0,0,0] Z=[0,1,0,0] Z=[1,1,1,1]

Figure 5: Representative samples from the “seesaw + occlusion” image generator. The tray
balls correspond to (Z1, Z3), the up/down state of the left seesaw-side ball corresponds to
Zs3, and the occluded ball corresponds to Zj.

Zszl BixZk)), where gogistic 1S the sigmoid function. Our goal is to recover both the latent
DAG G and the bipartite structure Q from the pooled binary data. Although Q has 256
rows, the estimated Q remains highly sparse. Most rows are either zero vectors (blocks where
no ball appears) or nearly one-hot vectors (blocks primarily associated with a single latent
variable), which matches the generative design in which most spatial cells contain at most

one object. The overall sparse support pattern also satisfies the identifiability conditions in

Corollary S.4. The recovered DAG over the latents matches the data-generating mechanism.

<
@/

Figure 6: Estimated causal relationships among four latent variables by DCRL. This latent
DAG matches the ground-truth causal relations exactly.

Since the learned causal structure matches the data-generating mechanism, we expect
each recovered latent coordinate to correspond to a spatially localized event (a tray ball
being present, the up/down state of the seesaw-side ball, or the occluded ball becoming
visible). To interpret the factors, we visualize the effect of activating one latent coordinate
at a time on the pixelwise Bernoulli probabilities in the pooled representation. Recall that
B € R7*(E+D gstacks the intercept and main-effect parameters across the J = 256 pixels, so

that Bz gives the logits of the Bernoulli success probabilities for any latent feature vector
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Effect of 21 Effect of 22 Effect of Z3 Effect of 24

0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14 0 2 4 6 & 10 12 14

glogistic (Bel ) glogistic (BeQ) glogistic (Be3) glogistic (Be4)

Figure 7: Effect maps obtained by activating one latent coordinate at a time. Mid-gray
corresponds to probability 0.5 (no effect). Since the pooled representation is coded as back-
ground = 1 and ball = 0, white indicates an increased probability of background (ball less
likely), while black indicates a decreased probability of background (ball more likely). The
dominant localized regions align with the tray balls, the configuration-dependent movement
of the seesaw-side ball, and the occluded ball’s visibility.

z € RETL For k € {1,2,3,4}, we set the intercept to 0 and activate only the kth coordinate,
compute glogistic(]/?\)ek) € (0,1)%5 and reshape it into a 16 x 16 image, where ey is the kth
standard basis vector. Since giogistic(0) = 0.5, mid-gray indicates no effect, and white indicates
an increased probability of background (equivalently, a decreased probability that a ball
occupies that cell), while black indicates a decreased probability of background. Figure 7
reports the resulting effect maps. The tray-ball factors appear as localized dark patches
at the corresponding tray locations, indicating that activating those coordinates increases
the probability of a ball in those cells. The factor for the seesaw-side ball shows a signed
bright /dark pattern, reflecting the ball’s up/down state: one location becomes more likely to
contain a ball while another becomes less likely. The visibility factor is concentrated near the
occluded ball region, with a localized effect consistent with the intended semantics. The maps
are not perfectly clean, as expected given the mild positional jitter and simple preprocessing

pipeline. Despite these nuisances and the coarse pooled representation, the recovered causal

graph and latent factors remain interpretable and align with the data-generating mechanism.

34



7 Discussion

This paper develops a computationally efficient and provable estimate-resample-discovery
pipeline for causal representation learning with discrete latent variables. Our procedure has
a clean structure: (i) we estimate the measurement layer and the joint distribution of latent
variables via a penalized Gibbs-SAEM algorithm, (ii) we resample pseudo-latent datasets
from the fitted latent distribution, and (iii) we perform score-based causal discovery on the
resampled latents using GES. Theoretically, we establish strict and generic identifiability for
the proposed discrete causal representation learning framework. We prove {cy }-consistency
and {cy }-local consistency of BDeu scores in discrete Bayesian networks, and show that,
under mild conditions, this estimate-resample-discovery pipeline consistently recovers both
the measurement structure and the Markov equivalence class of the latent DAG.

Although our exposition focuses on binary latent variables, the Gibbs—SAEM updates
can also be modified for polytomous latent variables. For simplicity and clarity, we focus
on the binary case in this paper. Although we state our results for the BDeu score, the
same analysis and guarantees apply to BIC, which appears as the leading term in the BDeu
expansion in our proofs. Since most score-based methods in practice adopt either BIC or
BDeu (Kitson et al., 2023), this BIC-type class already covers the dominant use cases.

Several avenues remain for future work. Incorporating procedures for estimating K, such
as information criteria tailored to the latent layer, would make the pipeline automatic and
reduce sensitivity to model size. Additionally, since our approach provides a general frame-
work, it is natural to explore replacing the current estimation or causal discovery components
with other alternatives (Spirtes et al., 2000; Ramsey et al., 2016). These methods’ empirical

performance and theoretical guarantees remain open for future investigation.
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Supplementary Material

This Supplementary Material collects technical results, implementation details, and addi-
tional empirical summaries. Section S.2 presents a non-generic identifiability example. Sec-
tions S.3-S.8 contain the main proofs for our identifiability and consistency results. Sec-

tion S.9 records implementation details. Section S.10 discusses additional related works.

Notation. For d > 2, let Ay = {z € R : 2 > 0, S¢_ 2 = 1} denote the (d — 1)-
dimensional probability simplex, and let A ;| = {x € Ay_; : zx > 0 for all k} denote its

interior.

S.1 More identifiability results
We present additional identifiability results mentioned in Section 3. These results are adapted
from existing work (Liu et al., 2025; Lee and Gu, 2025). Throughout, identifiability is

understood up to the equivalence relation ~y defined in Section 3.1.

Definition 6. Let (©*,G*, Q%) € Qx(0©,G,Q) be the true parameter triple of the discrete
causal representation learning framework. The framework s strictly identifiable up to the
equivalence relation ~i if, for every alternative admissible triple (©',G', Q') € Qk(0©,G,Q)
satisfying the equality of marginal laws Pg ¢ = Porg+q, it necessarily holds that (é, é, Q) ~K
(©*,G*, Q). Here, Pg g q denotes the marginal distribution of the observable vector X, de-

fined through (1) and (2).

Now we show our main results for the identifiability, which is from Proposition 1 in (Liu

et al., 2025) and the definition of faithfulness.

Theorem S.1. Under Assumption 1, the framework is strictly identifiable if the following
hold.

(i) Q* contains two identity matrices after permuting the rows. Without the loss of gen-

erality, suppose that the first 2K rows of Q* are [IK,IK]T.
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(it) For any z # ' € {0,1}, there exists j > 2K such that n}(z) # n}(2').

When each latent cause affects the observables only through its main effects, without any

interaction terms, Assumption 1(b) could be replaced by a weaker requirement.
Assumption 1°. (a) G is a perfect map of p and p, € (0,1) for all z € {0,1}%.

(b) S B >0 fork=1,..., K.

Under a main-effect measurement specification, the condition can be further weakened,

which are from Proposition 1, 2 in Lee and Gu (2025) and the definition of faithfulness.

Corollary S.3. Suppose the measurement is main-effect only (no interaction terms). Under

Assumption 1°, the framework is strictly identifiable if the following conditions hold.

(i) Q* contains two identity matrices after permuting the rows. Without the loss of gen-
erality, suppose that the first 2K rows of Q* are [IK,IK]T

(ii) For any z # 7z’ € {0,1}, there exists j > 2K such that Zszl Bz — z,) # 0.

Remark 2. In many applications of the proposed framework, the number of observed items
J s quite large, as is common in modern machine-learning settings. In such regimes, the
strict identifiability requirement that Q* contain two identity blocks is less restrictive than it

may nitially appear.

Corollary S.4. Suppose the measurement is main-effect only (no interaction terms). Under

Assumption 17 and Assumption 2, the framework is generic identifiable if the following hold.

(i) After a row permutation, we can write Q* = [Q] ,Qy, Q3 ]", where Qq, Qo € {0, 1}E*K

have unit diagonals (off-diagonals arbitrary), and Qg has no all-zero column.
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S.2 Non-generic identifiability if Condition (ii) in Theorem 1 is

violated

In this subsection we construct a concrete counterexample showing that Condition (ii) in
Theorem 1 is indispensable. The example is chosen so that Assumption 1 and Assumption 2
hold, and Condition (i) of Theorem 1 is satisfied. The only assumption we deliberately violate
is Condition (ii). Nevertheless, we exhibit a positive-measure subset of the parameter space
on which the framework is not identifiable, so the framework is not generically identifiable.

We consider a one-layer saturated all-effect Bernoulli-logistic model with K = 4 latent
variables and J = 12 items. In particular, we take ParFam; to be the Bernoulli family and
g; to be the logistic link in (1).

Let

.
Q*:[ T I,QI] L Q=

0001
It is straightforward to verify that this measurement design satisfies Condition (i) in Theo-
rem 1. However, Condition (ii) in Theorem 1 fails, since QF, = Q3.

Because we work with Bernoulli-logistic responses, Assumption 2 is automatically satis-
fied. We also fix a strictly positive latent distribution (p,)sef0,134 so that Assumption 1(a)
holds.

We now construct an explicit positive-measure subset of the parameter space on which

the framework is not identifiable. Define

EZ{ﬁGRm5253+513=50}U{,3€R163253+513=51}U{5€R163253+513=0}-

The set B is a finite union of proper algebraic varieties and therefore has Lebesgue measure
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zero in R16,
Index the items as j = 4m + r with m € {0,1,2} and r € {1,2,3,4}. If r € {1,2,4},
select 3; from

{BeR": Bg#0if and only if S C {r}, 5, >0},

and if r = 3, select 3, from

{B €RY: Bg#0if and only if S C {1,3}, Bi+B5+513 >0, Bi+513 >0, B3+ 613 > 0}\§7

which has positive Lebesgue measure. Indeed, each inequality describes an open set in R!6
and hence has positive relative measure. Removing B , & measure-zero set, preserves positive
relative measure. By construction, all such choices of 3; satisfy the monotonicity requirement
in Assumption 1(b).

Next, we define a transformed parameterization (B’, p’) that induces the same marginal
distribution of X but cannot be obtained from (B, p) through any latent-coordinate permu-
tation.

For j = 4m + r with m € {0,1,2} and r € {1,2,4}, set
Bio = Bjo; Bir = Bjrs
and set all other entries of 3} to zero. For items with indices j = 4m+3 (m = 0,1, 2), define
Bio = Bjo + Bjs, Bi1 = Bi1— Bjs, Bis = —Bjs; Bi13 = 2853 + Bjas,

and again set all remaining entries of 3} to zero.

Define a permutation 7 of the 2% latent states by
7(0000) = 0010, w(1000) = 1000, =(0100) = 0110, w(0010) = 0000,
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7(0001) = 0011, (1100) = 1100, (1010) = 1010, 7(1001) = 1001,
7(0110) = 0100, x(0101) = 0111, (0011) = 0001, 7(1110) = 1110,
7(1101) = 1101, (1011) = 1011, (0111) = 0101, =(1111) = 1111.

Set the transformed mixing weights by 7

/ / / /
Poooo = Poo1os  Piooo — P1000s  Poioo — Po1105  Pooio = P0000;

/ / / /

Pooo1 = Poo11s  Piioo — P1100s  Pioi0 — P1o10,  Pioo1 = P1001,
/ . / . / . / .

Po110 = Po1oos  Poior = Poiiis  Pooir = Pooois  Pi110 = P1110;

/ o / . / o / o
Piio1 — Pi1o1;  Pipi1 — Pioils  Poiir — Poioi,  Piiin — Piiii-

For all z and j,

nj(z) =n;(n(z), ¢, =0(nj(2) = G

Consequently, for every x € {0,1}7,

J
=X 7 H Ga) " (1= dja) Zpﬂ a0 (1= gm) T =P(X = x),
z j=1

It is straightforward to verify that 1}(z) > 1(2z’) whenever z = ¢; and z' /. ¢;, for 1 < j <12,
so the monotonicity condition in Assumption 1(b) continues to hold under the transformed
parameterization.

By construction of 8, it further follows that 3 cannot be obtained from 3; through any
latent-coordinate permutation if j = 3 (mod 4), because the value of 3! 5 differs from all four
entries of the original vector 3;. Therefore, (B, p) and (B’, p) are not related by any latent-

coordinate permutation but induce the same observable law. Since the set of admissible
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%2 has positive Lebesgue measure, the framework is not generically identifiable. In
7/5=1 g
particular, this shows that even when Assumption 1, Assumption 2, and Condition (i) of

Theorem 1 all hold, generic identifiability can fail once Condition (ii) is violated.

S.3 Proof of Theorem 1

Before presenting the proof of Theorem 1, we introduce some additional notations.

For each j, fix an enumeration of C{* \ {X}} as

Ci" \{X;} ={T1;, Ty, }, (G €[J]).

For each t > 1, define the parameter-independent finite discretization

)

=) can =)
Dj = {Tl,ju"'7Tt,j}U{Xj} QCJ y D = ( j )jG[J]-

t)] =t+ 1, and we index Z_DE-t) = (Sg
(t)

For each ¢t > 1, define Ngt) to be a n?) e /ilé x 2K matrix with entries

Then £ = D! 8% ) with s, =
9. J 9.

J

Ngt)((ll, . 7lK),z) = P(Xl € Sl(f?l,...,XK € Sl(t)K | z).

K>

Columns are indexed by z € {0,1}* and rows by & = (1, ...,lx) with [; € [li§-t)]. Similarly,

let N be the /fg?ﬂ e /sgt[){ x 2K matrix whose ((Ix1,. - ., lar), z)-entry is

t t
]P)(XK-H < SZ(K)+1,K+1’ - ,XQK < Sl(g})(,zK ’ Z),
and let Nét) be the ng})(H e Kf]t) x 25 matrix whose ((lax 41, .- -,1s),z)-entry is

t t
P(Xox41 € 51(22(+1,2K+17 Xy E SI(J%J | z).
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For brevity, set

K 2K J

t t t t t t

o =TIs = T /0 o= T s
k=1 k=K+1 k=2K+1

Since S (t()t) = X}, the last row of each N equals 1;(.

Kj s

Define the 3-way marginal probability tensor P(()t) of size UY) X vgt) X Uét) by

P(()t)(51,§2,§3) = ]P’(Xl € Sl(i)h X, € Sl(j),J)

=Y N (1), 2) NO (g, lax), 2) NE (g, - 1), 2).

Equivalently,

P — [N{"Diag(p), Ny, N{]. (S.1)

We record two lemmas whose proofs are deferred to the end of the subsection. The

)

first establishes uniqueness of the tensor decomposition of P(()t up to a common column

permutation.

Lemma S.1. Consider a discrete causal representation learning framework with parame-
ters (p*,G*, B*, Q*,v*) satisfying the conditions of Theorem 1. For each t > 1, let Pét)
be the tensor induced by the parameter-independent discretization " defined above, with
factor matrices Ngt),Ngt),Nét), so that Pét) = [Ngt)Diag(p),Ng),Ngt)]. Then there exists a
Lebesque-null set No C Qi (©;G*, Q*) which constrains only (B,~) such that the following
holds.

For every © € Qg (0;G*, Q") \ N, there exists an integer to = to(©) < oo such that
for all t > to the rank-2% CP decomposition of P(()t) 15 unique up to a common column

—

permutation. Moreover, since X; € D; ), each N contains a row equal to 1;(, hence the

uniqueness contains no nontrivial scaling ambiguity.

The next lemma constrains how the 2% columns can be permuted.
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Lemma S.2. Let (p,B,G,Q) and (p',B’,G', Q') satisfy Assumption 1, and suppose Q also

meets the conditions of Theorem 1. Assume there exists a permutation & € Syg1yx such that
ni(z) = n;(&(z)) for all j,z.
Then (p,B,G,Q) ~¢ (p/,B,G", Q) for B € Q(B;Q), where
QB;Q) ={B: 85 =0 whenever S ¢ K;, Bjuy #0 if and only if k € K;}.

Assume Q* satisfies the conditions of Theorem 1 and that © € Qx(©;G*, Q*). Suppose
there exist alternative parameters (é, G, Q) such that Pg & 5 = Pe q+g-- We will show that
(0,6, Q") ~k (é, (j, C}) for © outside a Lebesgue-null set.

By Lemma S.1, there exists a Lebesgue-null set NV, such that for every © € Qg (0; G*, Q*)\
N, we could find an integer tg = to(®) < oo such that for every ¢ > ¢, the tensor decom-

position of Pét) is unique up to a common column permutation. Fix any ¢t > t;. Then
P = [N"Diag(p), N, N{] = [N{"Diag(p), Ny, N,

where the equality holds up to a common permutation of the 2% columns. Hence there exists

a permutation & ¢ S{o13x such that
Ng)('>z) - N(t)(vg(t)(z))a a = 1a2737 D :ﬁe(t)(z)-

In particular, for every j € [J], every [ € [Hy)], and every z € {0, 1}X,

)y _ (t)
Pjog5(n;().7) (Sz,j ) - Pj,gj (7;(6® (2)),7;)) (Sz,j ) : (5.2)
We now justify the passage from the setwise equalities in (S.2) to equality of the full condi-
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tional laws as probability measures, and simultaneously show that the aligning permutation

stabilizes as t increases.

Lemma S.3. Fiz a countable separating class C; for each j € [J]. Let D; C Dj C Cj be
two finite collections for each j. Construct the corresponding factor matrices (N1, Na, N3)
and (NT,NF N, and similarly (N1, Ny, N3) and (N}, Nj,N7) under an alternative pa-
rameterization. Assume that both tensors admit unique rank-2% CP decompositions up to a

common. column permutation, so that there exist &,&%1 € Soyx satisfying
N,(-,z) = N,(-,6(z)), Ni(,z)=N/(,6%(z), a=123.

If Ny has full column rank 2%, then 6+ = &.

Proof. Since N; has full column rank 2%, its 2% columns are pairwise distinct. Because
D; C Dj+ for all 7, each row event used to define N (i.e., each product event determined by
choosing one set from each D;) also appears among the row events defining N{. Thus, for
each z € {0,1}% the column N(-,2z) is obtained from N (-,z) by restricting to those rows
corresponding to product events formed from D.

Fix z. From the two Kruskal conclusions, we have Ny (-,z) = Ny (-, &(z)) and N (-, z) =
Nf(, S (z)). Restricting the second equality to the rows corresponding to D gives Ny (-, z) =
N (-, &% (z)). Therefore, N;(-,&(z)) = N;(-, 5%(z)). Since Nj is a column permutation of
Ny, its columns are also pairwise distinct, so the above equality forces &(z) = & (z). As z

was arbitrary, & = &*. H

Since © ¢ N, Lemma S.1 implies that for every ¢ > ¢((0) the Kruskal conclusion holds
for P(()t), and hence the associated aligning permutation & is well-defined. Moreover, for
every t > to(®), the Kruskal argument in the proof of Lemma S.1 yields rk;(N{") = 2
and hence Ngt) has full column rank 2%. Applying Lemma S.3 to the nested discretizations

DY C Dy for t > t¢(®) yields that &® is constant in t. Denote the common permutation
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by &.

Now fix j € [J] and let S € C{*" be arbitrary. Since (J,-,, T)gt) = C5*", there exists t > tg

t

such that S € 55- ). Therefore (S.2) implies

Pj gy @) (S) = Pig, @z (S)  forall z € {0,135,
Because C;™ is separating, we conclude that
P g @) = PBigs 7 (62))7,)) as probability measures on &, for all z.
By Assumption 2(ii) and injectivity of g; in Assumption 2(iii), this further implies

nj(z) = n;(6(z)) and v, =7;, for all j, z.
Finally, Lemma S.2 yields (p, B, G, Q) ~¢ (p, B,G, Q), completing the proof.

S.3.1 Proof of Lemma S.1

Fix t > 1 and consider the tensor P(()t) induced by the parameter-independent discretization
DY constructed at the beginning of this subsection, with factor matrices Ngt),Ng),N:(f)
satisfying (S.1). Write rky (M) for the Kruskal column rank of a matrix M.

By Kruskal’s theorem, it suffices to prove that there exist a Lebesgue-null set Ny, C
Qk(0;G*, Q%) which constrains only (B,~) and, for every ©® € Qg(0;G*, Q*) \ N, an

integer to = to(®) < oo such that
k(N =25 1k (NP) =25 k(NP > 2 (S.3)

for all t > t(©).

We first establish that rkk(Ngt)) = 2% generically for all sufficiently large ¢. Let jd(ils(p) C
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[K] denote the indices of items among {1, ..., K'} whose response family genuinely includes
an unknown dispersion parameter ;. For one-parameter families we do not treat v; as a
coordinate.

Define the local parameter block
6= ({855 € K], SC K} {015 € T ).

which we identify with a vector in a Euclidean space RP' of dimension D; := Z]KZI 21Kl 4
|jd(ils2 |. Throughout we restrict attention to the open connected domain

U, = {@1 ;4> 0forall j j(K)} C R

disp

Because the discretization ﬁ(t) is parameter-independent, every entry of Ngt) is a finite

product of terms of the form
P, (9) s e
9> 95(nj(2),75) ) <,

with S fixed. For j € jd(fs(p) , Assumption 2(i) and Assumption 2(iii) imply that (n,v) —

P.

1,95

() (S) is real-analytic on R x (0,00). For j ¢ Jd(ils(p), g; is independent of v and
Pj. 6,0 (S) = P} g;ny0) (S) for any fixed v € [0, 00); in particular, 7+ Pj g (;40)(S) is real-
analytic on R. Since each n;(z) is a polynomial in the coefficients {3; s}, it follows that every
entry of Ngt) is real-analytic on the domain U;. Consequently, fi:(0;) := det((Ngt))TNgt))
is a real-analytic function on the domain U; C RP".

Next we describe the projection of Qg (©;G* Q*) onto ©; C U;. Let By = {(j, k) :
J € [K], k € K;} index the main-effect coefficients ;) for j < K. For each sign pattern

o € {—1,+1}¥ define the orthant

51(0) = {@1 C U : Bjyojr > 0forall (j,k) € El},
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where all remaining coordinates in ©; are unrestricted. Each 51(0) is an open, connected

domain of R”', and

L (2x(©;6%, Q") = J &7,

where II; denotes the projection onto the coordinates ©;.

Fix any sign pattern o € {—1, +1}F1. We will show that there exist an explicit parameter
point @g") € 51(0) and an integer ¢, < oo such that f; <@§0)> > 0 for all t > t,. In particular,
for every t > ¢, the restriction of f;; to 51(0) is a nontrivial real-analytic function on the open,
connected domain €. By Mityagin (2015), the zero set Vietr =1{0; € gl f1:(01) =0}
has Lebesgue measure zero in 51(0).

To construct the point, we now explicitly use condition (i) of Theorem 1. There exists a
permutation o; of [K] such that the permuted K x K block Q, := Qo (1:K),: hasunit diagonal,
equivalently ¢, (), = 1 for all r € {1,..., K'}. Define the induced bijection p : [K] — [K]
by p(j) := 07 '(4) for j € {1,...,K}. Then, for every j € [K], we have j,p(j) = 1, hence
p(J) € Kj.

Fix a sign pattern o € {—1, +1}£1. Define a boundary point @fo) by setting all interaction

terms to zero and keeping only the single admissible main effect 3 ,(;); for each j € [K]

5]'75 = OfOI' allj - [K] and |S| Z 2, 5j,{p(j)} = Uj,p(j)7 Bj,{k} = OfOI‘ all (j, k‘) € El, k’ 7é p(]),

with all remaining coordinates in © arbitrary, and v; > 0 for j € jd(fp) . Because p(j) € K,
the coordinate f3;;,;); is indeed part of ©,, so this assignment is admissible. Under @g‘jo),
for each j € [K] the conditional law of X; depends on z only through z,;), since 7,(z) =
Bin + Bite)) Zet)-

Fix j € [K]. Let pjo and p;; denote the two conditional laws of X; under @g?g corre-
sponding to z,;) = 0 and z,(;) = 1, respectively. Because (3 (,(;} 7 0, we have 7;(0) # 7;(1)

in the z,(;) coordinate. By Assumption 2(iii) the map n — g;(n, ;) is injective for fixed v;,
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hence the induced parameters are distinct. By identifiability in Assumption 2(ii), it follows
that p;0 # w1 as probability measures. Since C5*" is separating, there exists a set B; € C5*"
such that p;o(B;) # pj1(B;j).

For each r € [K], define j, := p1(r), so that p(j,) = r and ¢;., = 1. For j,, choose
a distinguishing set B; € C,; as above and write B; = T; , for some ¢, > 1. Define
ty 1= max,c[x) ir < 00. For every t > {, we have B; € Z_)E-i) for all r € [K], and moreover
S%%«)’ﬁ —x;, €D

Fix any ¢ > t,. Consider the 2% x 2% submatrix of Ngt) obtained by restricting to the
25 rows indexed by l;, € {i,, Iig»i)} (r=1,...,K), that is, for each r we use either the event

B, or the event & . Under @g‘fg and conditional independence of (Xj,,..., X}, ) given z,

this submatrix factorizes as a Kronecker product:

0 (0 = é 1j,0(Bj.)  1j.1(Bj,)

1,sub 1,0

r=1 1

Each 2 x 2 factor has nonzero determinant p;, o(B;,) — pj, 1(B;,) # 0, hence the Kronecker
product is invertible. Therefore N{" (@5”3) has full column rank 2K,

Next, we perturb @fo) into the open orthant 81(0) while preserving full column rank of
Ngt) . For ¢ > 0, define @gi_) by keeping all coordinates of @fg unchanged except setting,
for every (j,k) € Ey with k # p(j), B = 0ojke, and leaving £ 1,5y = 0jp()- Lhen
@§”§ € & for every £ > 0. Since the determinant of the fixed 25 x 2% submatrix Ng’flub(@l)
is continuous in ©; on U; and is nonzero at @fg, there exists €,(t) > 0 such that for all

e € (0,e,(t)) the submatrix remains invertible, and hence Ngt) (@(U

172) has full column rank

2K, Choose any such e and set 65”) = @5"2 . Then fi, (@§U)> > 0.
Since there are only finitely many sign patterns, define ¢; := max,c;_y 11ym t, < 00.
Then for every ¢ > ¢; and every sign pattern o, the restriction of f;; to 51(0) is a nontrivial

real-analytic function, and hence the set V; ,, := {©; € 51(0) : f14(01) = 0} has Lebesgue
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measure zero in £\7.

For each fixed t > t1, define
Vie =11 (Qx(0:6%,Q")) N J Vi
Then V; ; has Lebesgue measure zero in I (QK(('-); g*, Q*)). Define
N = {(p.B.7) € % (©:G°.Q") - ©1 €V}

Then Nl(? has Lebesgue measure zero in Qx(0©;G*, Q*) and depends only on (B,~). For
every t > t; and every © ¢ ./\fl(? we have f1:(01) # 0, hence Ngt) has full column rank 2%
which implies rkk(N(lt)) = 2K,

An entirely analogous argument yields an integer t, < oo and, for each t > t,, a Lebesgue-

null set N € Qx(©;G*, Q*) depending only on (B, 7) such that
i (NY) =25 forall t > 1, © € Qi(©;G%, Q") \ N7,

We now prove that rky (Nz(,f)) > 2 generically. It suffices to verify that Condition B of Lee
and Gu (2024) holds for generic parameters in Qx(0@;G*, Q*).

Fix any pair z # z’ and choose an index ¢ = ((z,z') € [K] such that z, # z,. Since
Q3 has no all-zero column, there exists an item j = j(z,2') € {2K + 1,...,J} such that
Q,¢ =1, hence { € Kj.

Similarly, let Juisp € [J] denote the indices of items whose response family genuinely

includes an unknown dispersion parameter ;. Collect the local measurement parameters for
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item j into the free block

({Bis: S C K}, %) € R % (0,00), j € Taiops
@j =

({85 : S C K;}) e R?™, & Tasp-

By the definition of Qx(0;G*, Q*), we have f3; 1y = 0 for all k ¢ K; and 3 (s # 0.

For this fixed pair (z,2'), consider the difference

jaa (©;) == n;(z) — Uj(zl) = Z Bj.s <H ZK — H z,;>.

SCK; keS kes

This is a linear function of the coefficients {3, s} (and is independent of ; when j € Jaisp)-
Moreover, the coefficient of 3; sy in h;, » equals z, — 2, # 0, hence h;, » is a nontrivial linear
functional.

Therefore the zero set

Ej,z,z’ = {@] . hj7z7z/(@j) = O}

has Lebesgue measure zero in the free-coordinate space of ©;: it is an affine hyperplane in

R2"™" when J & Jaisp, and it is an affine hyperplane in the S-coordinates times (0, c0) when
j S jdisp'

Define the corresponding exceptional set in the full parameter space by
NE) = {0 € (©:07,Q") : Byaanna (Osan) = 0.

Since hj(zz)2, is a nontrivial linear functional of the local block ©j(, . (through its §-
coordinates), the set ./\/'Z(BZ), has Lebesgue measure zero in x(©;G*, Q).
Now fix © € Qg (©;G*, Q") \NZ(?’Z), Then 7;(z) # n;(z’). Writing

Pj,z = 1550, . 9j,z = gj(nj(Z),%-) € H;u
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injectivity of n — g;(n,7;) in Assumption 2(iii) implies 6;, # 6;,. By identifiability of
ParFam; in Assumption 2(ii), we have P;, # P;, as probability measures. Since C§*"
is separating, there exists a set S, € C§*™ such that P;.(Ss2) # Pju(Ss»). By the
enumeration C{*" = {Th;, 1o, ...}, we may write S, = Tpn(z2,; for some index m(z,z’) >
1. Consequently, for every t > m(z,2z’), we have S, € 5?, and therefore Condition B
holds for this pair (z,z’).

Since there are finitely many pairs (z,2z') with z # Z/, define t3 := max,., m(z,z') <
0o and N .= Upzer Nz(?’z), Then N® has Lebesgue measure zero in Q(0;G*, Q*) and
constrains only the measurement parameters. Moreover, for every ¢t > t3 and every © €
Ok (0: 6%, Q) \ N®, Condition B holds for the discretization D'

Finally, Condition B implies that for every z # z’ there exists a row of Nét) (using Sy »
for item j and X for all other items in block 3) on which the z-th and z’-th columns differ,

hence all columns are pairwise distinct. Together with the fact that Nét) contains the all-X

oW 1; x, this rules out collinearity of any two columns and yields
rkk(Nét)) > 2, for all t > t3, © € Qg (O;G*, Q") \/\/1(3).

For each ¢ > max{ty, ts, {3} define NV := /\/’1(? UNI(? UN®. By construction N has
Lebesgue measure zero in x(0©;G*, Q*) and depends only on (B, ), not on p.
Now define the global exceptional set
Ne= (U M) u( U M) o
thaX{tl,tQ,tg} thaX{tl,tQ,tg}
Since {Nl(’lt)}thax{tht%tg} and {Nfi)}thax{tm’h} are countable families of Lebesgue-null sets,

the union N, is also Lebesgue-null, and it still constrains only (B, ~).

Fix © € Qg (0;G*, Q*) \ Nw. Define t5(©) := max{ty, t2,t3}. Then for all t > ¢,(©) we
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have simultaneously
rkp(NY =25 1k (N = 2K 1k, (ND) > 2.

This completes the proof.

S.3.2 Proof of Lemma S.2

To avoid ambiguity, we fix the identification
fb:{O,l}KHP([K]), folv) ={ke[K]:v=1}.

Conversely, for a subset T' C [K], we write (fy)"}(T) € {0,1}* for its indicator vector.
A permutation m € Sk acts on subsets by 7(T) := {7 (i) : i € T} C [K], and induces the

corresponding action on vectors by permuting coordinates:
(T V)k = Ve1h) (v e {0, 1}, k € [K)).

We first establish that Q ~x Q'. Equivalently, there exists a column permutation m € Sk

such that

Q.=7mQ;; forallje{l,... J}

In fact, for (1;(2))i1<j<J, zefo135 € R2“*/ and (n}(2))1<j<, zefoayx € R2“*/ that differ
only by a row permutation, the counts of coordinatewise maximal rows are preserved. In the
single-index case S = {j}, a row indexed by z € {0, 1} is maximal in the 2% x 1 submatrix
7. ¢} if and only if

z = (fo) " (K)),

o K—|K;|

hence the number of maximal rows equals The same conclusion holds for 1, so

2 K—IK;| — 9 K=K}l and therefore |K;| = |KJI|
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For any distinct j, j/, a row is coordinatewise maximal in the 2% x 2 submatrix M., {3 if

and only if
z= (fy) '(K;) and 2= (fy) "' (Ky),

which is equivalent to z > ( fb)_l(K ;UK j/). Consequently, the number of maximal rows is

2 K=Ky and by row—permutation invariance we obtain
|K; UKj| = |K]’ U K]',|
More generally, for any finite S C {1,...,J}, a row is coordinatewise maximal in n. g if
and only if

2= ()" (U K).

jes
. . K,} . K.| S . .
so the number of maximal rows is 2" ~1¥7¢s%3| which is invariant under row permutations.

Hence

forall S C {1,...,J}.

Ux|=|Ux
jeSs jeS

For T' C [J], write

N = |(K;] and  Np o= | K]

JeT JjeT

It is straightforward to check

= > ()N forall S C [J],
0£TCS

UK,
jes
and

= > (=)"FING for all S C [J].
0ATCS

U &)

jes
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Since the union cardinalities match for all S, we deduce that

Nr = N forall T C[J].

Next, for each pattern v € {0,1}’ with support supp(v) := {j : v; = 1}, define

M, = {ke[K]: Qr=v}

LM = (ke K] Q=)
The intersection counts decompose as

Nrp = > M, forallTC[J],

v:supp(v) 2T

and likewise for N7 in terms of M. Similarly, we have
M, = M,  forallve{0,1}".

Hence the multisets of columns of Q and Q' coincide. Equivalently, there exists a column

permutation m € Sk such that

Q;,::W‘Q]‘,; forall j € {1,...,J}.

Next, we have the following claim.

Claim 1. Suppose that Q satisfies the conditions of Theorem 1, and that Q). = 7 - Q;. for
all j, then the admissible column permutation & € Sox (acting on the 2% latent states) such
that 1j,. = g (V J,2) can be restricted to the right coset (Zo)X 7. In other words, every

admissible & can be written in the form

fo(S((fp)"H(T))) = =(T) A A, T C[K]

— Y
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for some subset A C [K], where AAB = (A\ B)U (B \ A) for any two sets A and B
If we further suppose that both (B,Q) and (B, Q') satisfy Assumption 1(b), then the

only admissible permutation s .

A detailed proof of this reduction is given in the next subsection.
Based on this claim, we directly conclude that (p,B,G, Q) ~x (p/,B’,G’, Q).
S.3.3 Proof of the Claim

We now state a lemma, which is essentially an equivalent reformulation of the first part
of the claim in Subsection S.3.2. However, for clarity of exposition, we still restate it in a
slightly different language.

Let P([K]) denote the family of all subsets of [K] = {1,...,K}. All 2K-dimensional

vectors and 2% x 2% matrices below are indexed by P([K]) in lexicographic order. Define
Yor=HTCQ}  QTCIK]
Given B = (Br)rcik] € R set

n=Yg, so that ng = Z Br.
TCQ

Let f: P([K]) — P([K]) be a bijection, and let P be its associated permutation matrix

acting on coordinates indexed by P([K]):
(Psv)g = v-1(0)s ve R

Hence P simply reorders the 2% coordinates of any vector according to f, and thus P; €
Sy We then define
’I’[/ = ].:)f’l’[7 ﬁ/ = Yilpr,B.
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For any @ C [K], define
) , 2K y oK
Iy = D1ag(1{ @ Cq })Q’(_Z[K] €R ’

Eg=1Im(llg) = {x e R*" 120 =0if Q' Z Q}. (S.4)

Let F = {Q1,...,Qi} € P(|K]) be a family of subsets of [K], and let 7 € Sk be a

permutation on {1,..., K'}. For each subset Q C [K], write

m(Q) = {n(i) - i € Q} S [K],

so that 7 acts naturally on P([K]). We define the set of row permutations preserving the

corresponding subspaces:
Gx(Q)={P;: Y 'P;YEq C Exq},

and their intersection over the family F:

l

Hﬂ(]:) = ﬂ GW(Q) - ﬂGW(Qz)

QeF i=1

To describe coordinate structure, define the signature map

or K] > (0,11, 6x() = (1{i € Q; iyt

Lemma S.4. Assume that for every i € [K| there exists some QQ € F such that i ¢ Q, and
that for any distinct 1,5 € [K]|, neither ¢x(i) = ¢x(j) nor ¢x(j) = ¢x(i) holds. Then the

intersection H,(F) coincides with the coset of (Zy)X x Sk corresponding to m, namely

H(F) = (Zy)",
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where (Z)X denotes the subgroup of coordinatewise bit-flip operations
T — TAA, A C [K].

Equivalently, every bijection f € H.(F) is uniquely of the form

Now we are ready to give the proof of Lemma S.4. We need three propositions.

Proposition S.1. Let Q C [K]| and, for each U € P(Q), define the Q-blocks
BeU) = {TC[K]: TNnQ=U} CP(K]).

Recall that f : P([K]) = P([K]) is a bijection and Py is its associated permutation matriz

acting by (Psv)q = vi-1(q). Then the following are equivalent:

(a) PjyeGr(Q)

(b) 3 a bijection g : P(Q) — P(7(Q)) such that f(B?(U)) = B"9(g(U)) VU € P(Q).

Proof. Recall Eq = {x € R : zo = 0if Q' Z Q}(See (S.4)). For B € Eq and any
S C [K],
(YB)s=ns=> Br= Y Br

TCS TCSNQ

so the image can be written as

Yo ::YEQ:{yG]RQK: Ih: P(Q) — R such that ys = h(S N Q) vsg[K]}.
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Similarly,
Yig) = {y eR* : 3h: P(r(Q)) — R such that ys = h(SN7(Q)) VS C [K]}

Since Y is invertible, YfleYEQ C Erq) if and only if P;Yy C Yr ().

Thus P; € G.(Q) if and only if P; maps vectors that are constant on each B?(U) to
vectors that are constant on each B™@) (V). This holds if and only if f maps each block
BQ(U), as a set, onto some block B (V). Because {B?(U)}yep(g) is a partition and f is

a bijection, these images define a unique bijection g : P(Q) — P(7(Q)) with
f(BAU)) =B"9(g(U)) YU e PEQ).

This proves (a) and (b) are equivalent. O
Proposition S.2. For any F, (Zy)%7 C H.(F).

Proof. Fix A C [K] and define 74 : P([K]) — P([K]) by
TA(T) .= m(T) A A.
We claim that for every Q C [K] and every U € P(Q),
ma(BYU)) = B"(=(U) A (AN7(Q))).

Indeed, if T € B9(U) then TNQ = U, and by the identity (XAY)NZ = (XNZ)AY NZ)

we have
(m(T)AA)NT(Q) = (7(T)N7(Q)) A(ANT(Q)) = T(TNQ)A(ANT(Q)) = m(U)A(ANT(Q)),

which is independent of the particular 7" in the block and depends only on U. Thus 74 maps
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the block B9(U) onto the block B™Q)((U)A(A N 7(Q))), so the associated permutation

matrix P,, satisfies P,, € G,(Q) by Proposition S.1. Since @) C [K] was arbitrary, we have

P, e ﬂ Gr(Q) = Hx(F).

QeF

Finally, the set {74 : A C [K]|} is exactly the right coset (Zy)Xm, hence (Zy)X7m C

Ho(F). O

Proposition S.3. Assume that for any distinct i,j € [K], neither ¢x(i) = ¢x(j) nor
o7(j) = ¢x(i) holds, then we have

H,.(F) C (Zy)¥r.

Proof. Throughout we identify a permutation matrix P; with its underlying bijection f :

P([K]) = P([K]) via (Psv)g = vy-1(5). Fix i € [K] and define, for T' C [K],

Di(T) == f(T) A f(TA{7"(i)}).

We now state the following proposition, which characterizes D;(T") and will be used below.

Proposition S.4. Under the assumptions of Proposition S.3, for every Py € H.(F), every

i € [K], and every T C [K], one has

With Proposition S.4, take any j € [K] and T" C [K]|. Substituting i = m(j) in the
definition of D;(T') yields
F(TALY) = A(T) A {x(5)}-
Let A := f(9), we will prove that f(7) = A A «(T') by induction on m := |T|.
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1. Base case m = 0. For T'= &, we have f(@) = A=A A n(9).

2. Inductive step. Assume f(S) = A A 7(S) holds for all S C [K] with [S| = m. Let

T =SU{j} with j ¢ S. By Proposition S.4 with i = 7(j),

f(SALG}) = F(S) A{x(5)}

Since SA{j} = SU{j} =T and n(T) = n(SU{j}) = 7(S) A {n(j)}, we obtain

F(T) = f(5) A{n()} = (AA7(S) A{r(j)} = AA (n(S) A{x(j)}) = A A (D).

This completes the induction.

Hence for every P; € H.(F), the underlying bijection has the form f(7) = AA#(T). In
other words, H.(F) C (Z2)*.
[l

Combining Proposition S.3 with Proposition S.2, we complete the proof of Lemma S.4
Based on this lemma, we can obtain the sum of each column of B’. Let 1 be the all-ones

vector. For any S C [K] and j € {1,...,J}, using 1TY"! = e[TK], it follows that

D Bis=1"0"=eqPiYB;=cjy)YBj= > B
s )

UCf(K

Since f([K]) = n([K])AA = [K]\ A, we obtain:

Zﬁ;,sz Z Biu-
s

UC[K]\A

Now since both (B, Q) and (B’, Q) both satisfy Assumption 1(b), we must have

ZB},S:Z@,S j=1,...,J
S s
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This forces ANK; = @ for all j =1,...,J. Consequently, A = @ and f(T') = n(T) is the

only admissible permutation.

S.3.4 Proof of Proposition S.4

We first claim that, for all f € H.(F) and all i, T,

DAT) © () (@) ={jelK]: ¢x(n(j)) = dx(n"(0))}.
QeF
1 (D)¢Q

Note that by the assumption that for every i € [K]| there must exist some () € F such that
i ¢ Q, the index set {Q € F: 7n1(i) ¢ Q} is nonempty. Hence the intersection is taken
over a nonempty family

In fact, let Q € F satisfy 771(i) ¢ Q. Then T and TA{n~1(7)} lie in the same Q-block:

TNQ = (TALF ()} NQ.

Since f € H.(F), Proposition S.1 implies that f maps each @-block onto a 7(Q)-block.

Hence

FI)N7(Q) = F(TA{z'(0)}) N7(Q),

and therefore

D;(T)Nnn(Q) = @.

As this holds for every @ € F with 771(i) ¢ @, we obtain
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Next we rewrite the right-hand side using signature vectors. Fix j € [K],

ie [ @@y

{QeF:n~1(i)¢Q}

means precisely that for every Q € F with 771(i) ¢ Q we have j ¢ 7(Q). By the definition of
the signature map, the condition 771(i) ¢ @ is the same as ¢x(7'(i))g = 0, and j ¢ 7(Q)
is the same as ¢r(771(j))g = 0. Therefore the preceding sentence says: for all Q € F,

¢r(n71(j)) 2 ¢F(n~'(q)). Hence

N (@) ={jelK]: éx(x () = dx(x (i) },
~Tora

and the claim follows from (S.5).

By assumption, for each ¢ we have

{JelK]: ¢r(n'(h) 2 ox(n7' (1) } = {i}.

Therefore, by (S.5) we already proved above,

Di(T) € {j: ¢r(n7'(j) S or(n (1)) } = {i}.

Since f is a bijection and T # TA{w (i)}, we have D;(T) # &, hence D;(T) = {i}.

S.4 Extension to the polytomous-attribute case

Similar to He et al. (2023), to encode the intrinsic ordering of levels, we also use cumulative
threshold indicators Zy, ,(Z) = 1{Zy > u} for v € {1,..., M} — 1} and form the Kronecker
feature map

®(Z) =K (1,111 (Z), ..., Teas,1(Z) " €R".
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Then each item j has a predictor

( ) ﬁ]a ZBJUHIICUI@

ucz

where 3; 1= (ﬁj’u>u62 eR".
The measurement structure is encoded directly by a binary matrix Q = (g; ) € {0, 1}7*¥.

We impose the structural restriction that coefficients vanish outside the relevant coordinates,
Bju="0 whenever supp(u) € Kj,

and require a full main-effect ladder whenever ¢;;, = 1. Specifically, for each k € [K] and
each threshold v € {1,..., M} — 1} define the main-effect index u(k,v) = (un)nex) with

ur, = v and uy, = 0 for h # k. We assume
gk =1 <= Bjume #0 forallve{1,..., M, — 1}, (j € J], k€ [K]),

while interaction coordinates u with |supp(u)| > 2 and supp(u) C K; are allowed to be
nonzero.
Because the latent variables may have unequal numbers of categories, admissible relabel-

ings must preserve numbers of categories. Define the permutation group
SK,M = {w € Sk Mw(k) =M, Vke [K]} (86)
Given @ € Sk, define the induced bijection o, : Z — Z by

Ow(21,y .y 2K) 1= (wal(l)w..,zwfl([())? (S5.7)
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and let P, be the induced r x r Kronecker permutation matrix such that
P(0(z)) = Pr ®(2), z€Z. (S.8)

We say that (p, G, Q,{8,};c1,v) and (p', G, Q/, {B;-}jem,'y’) are equivalent, denoted N%ﬁ\/{a

if and only if v = 4" and there exists w € Sk such that, with o = o,
/ / . / .
Pz = po‘(z) Vz € Z> /Bj = Py /8]' Vj € [J]a djx = 9jw=1(k) V(], k) S [J] X [K]a

and the relabeled DAG w(G) is Markov equivalent to G'.

Let ® := (p, B, 7). Define the admissible parameter space

Qk(0;6,Q) = {@ : G is a perfect map of p, B, = 0 if supp(u) g_ K;
Qj,k =1iff 6j7u(k,’,v) 7£ 0 for all v - {]_, .. '7Mk' — 1}}’

0x(©,6,Q) == {(@,Q,Q) . @ € 0x(0;, Q)}.

Definition 7. Let (©*,G*, Q") € Qk(0©,G, Q) be the true parameter triple. The framework

is generically identifiable up to ~%q; if
{@ S QK(@; G*, Q*) -3 (é, é, Q) %ﬁv[ (@)7 G*, Q*) such that ]P)(:)»(j,é = ]P)@’g*’Q*} (810)

is a Lebesque-null subset of Qx(©;G*, Q).
For condition (i) in Theorem 2, we can equivalently rewrite it as follows:

(i) The item index set can be partitioned as J; = {1,...,d}, Jo = {d+1,...,2d}, and
Js ={2d+1,...,J}, and there exist bijections: p; : J; = {(k,s) : k € [K], s € [my]}
and py 1 Jo — {(k,s) : k € [K], s € [mg]}. For each a € {1,2} and each j € J,, write

pa(j) = (k(3),5(3)). @jry) = 1 for all j € Jy U Js, and for each k € [K| there exists
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Jr € J3 such that gj, , = 1.

We will use p; and py later to index the items in the first two blocks.

S.5 Proof of Theorem 2

S.5.1 Kruskal reduction via a parameter-independent refinement scheme

Fix an enumeration of C§*" \ {X}} as

Ci" \{X;} ={T1;, Ty, }, (G €J]).
For each t > 1, define the parameter-independent finite discretization
D) ={T,,... T u{xyccm D= (D))
Let /ig-t) = lﬁgt)] =t + 1 and index

PO t t . t
D, = (Si;, e S,i(_)ﬂ ) with S’i&%' = .

For each t > 1, define factor matrices Ngt), Ng), Ngt) whose columns are indexed by z € Z
as follows.

For & = (¢;)jeq with {; € [/fg-t)} for all j € J1, set
N (€,2) =P (X € S0} 2).
JjEN

For & = (¢;) ey, with {; € [/i;-t)] for all j € J, set

N (&,2) = IP’( M {X; €591 ‘ z).

JET2
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For & = (¢;) ez, with ¢; € [r t] for all j € J3, set

N (&,2) =

)

(t
e] 7j

JET3

Define the tensor Pét) by

PY(61,6,&) = (ﬂ{X < Se ]}> §a = (4;)jedu:

7=1

where (fj)jzl is the concatenation of &;,&,, &3 in the natural item order. By conditional

independence given z and the law of total probability,

D(6,6.6) =Y p NV (61,2) NY (&,2) N (&, 2), (S.11)

z€Z

P\ = [N"Diag(p), N, N{].

Since S(t()t) =&, each N((f) contains a row equal to 1.
K hJ

Lemma S.5. Consider a discrete causal representation learning framework with parame-
ters (p*,G*, B*, Q*,~*) satisfying the conditions of Theorem 2. For each t > 1, let P(t)
be the tensor induced by the parameter-independent discretization Y defined above, with
factor matrices Ngt),N;t),Ngt), so that Pot) = [Ngt)Diag(p),Ng),Ng)]. Then there ezists a
Lebesgue-null set Now C Q(O;G*, Q*) which constrains only (B,=y) such that the following
holds.

For every ® € Qg(©;G*, Q%) \ N, there exists an integer to = to(®) < oo such
that for all t > ty the rank-r CP decomposition of Pét) 1$ unique up to a common column
permutation. Moreover, since X; € D , each N,(f) contains a row equal to 1], hence the

uniqueness contains no nontrivial scaling ambiguity.

Proof. The argument is parallel to the proof of Lemma S.1 in the binary-attribute setting.
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The only places changed are the following. First, the latent state space is Z = HkK:1[Mk] of
size r = Hle M, so every instance of 2% in Lemma S.1 is replaced by r here. Second, the
witness construction that certifies rank(Ngt)) = r uses Condition (i) in Theorem 2 to obtain
a Kronecker product block built from my, = [log, M| items per coordinate k, rather than
the 2 x 2 blocks in the binary argument.

Finally, the discussion of dispersion parameters v is exactly the same as in Lemma S.1.
When an item family is one-parameter, we do not treat 7; as a free coordinate. When
7, is genuinely present, Assumption 2 ensures that (1,7) = P4 () (5) is real-analytic on
R x (0,00) for each fixed S € Z_)Y) . For simplicity, we only treat the second case here.

Fix t > 1. By Kruskal’s theorem, uniqueness holds provided that

rk (N) + 1k (N9 4+ 1k (NS > 27 + 2,

Thus it suffices to establish, outside a Lebesgue-null exceptional set,
rky (N = r, rkk(Ng)) =r, rkk(Ngt)) > 2, (S.12)

for all sufficiently large t¢.

1) Generic full column rank for N and N,
1 2

For each i € J; define
U = {ue Z: supp(u) C K;}. (S.13)

Let

2 ={(,w): icJ, ueld?}, q =12 (S.14)

As before, the block parameter vector ©; collects exactly the free coefficients 3, := (ﬁi,u)(i wer® €

R? and the dispersion parameters v; € (0, oo)'j17 |, where J; denote the indices of items

72



among the first block whose response family genuinely includes an unknown dispersion pa-

rameter ;. In other words, we identify

@1 = (ﬁl,’)’l) S ﬁl(Q> =R" x (0700)\;71” (815)

Fix t and view Ngt) as a function of ©;. By Assumption 2, for each fixed row index & and

column z, the entry Ngt) (&1,2) is a finite product of analytic maps of the form
()
(n,7) — Pj gj(nw)(S)> Se D;,

evaluated at analytic functions of the local item parameters in ©;. Hence every entry
of Ngt) is real-analytic in the ambient Euclidean coordinates of ©;, and so is f1:(01) =
det((N{(©1)) "N (©y)).

Therefore f;; is real-analytic on the open connected domain (Zl(Q), and hence either
fir=0on 1(Q), or else its zero set is Lebesgue-null (Mityagin, 2015).

The feasible block-7; set in Qg (©; G*, Q*)still imposes the nonzero ladder constraint for

every main effect. Accordingly define
0,(Q) = {@1 € 01(Q) ¢ Bruney £0 Vi€ T, Vh € K;, Yo € [M, — 1}}. (S.16)

In ©;-coordinates, ;(Q) is obtained from ﬁl(Q) by removing finitely many coordinate
hyperplanes {3 uk,v) = 0}, hence €;(Q) is dense in (1 (Q) and has full Lebesgue measure
in it.

Consequently, it suffices to construct a single witness point O i € QI(Q) such that
f14(O14it) > 0 for all sufficiently large t. Indeed, that implies f1; # 0 on (NZl(Q), hence
{6, € ﬁl(Q) : f1.4(©1) = 0} is Lebesgue-null. Therefore,

{0, € N(Q) : f11(©1) =0} ={0; € ﬁl(Q) c f1.4(01) =0} N (Q), (S.17)
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is Lebesgue-null in (Q) as well.

For each k € [K], fix an injective map

cg - {0,1,..., My — 1} — {0, 1}"™*, cr(a) = (cra(a), ..., crm,(a)).

For each i € Jp, choose numbers b; o # 0 and b;; # 0 and define a function on [Mj ;] by

fila) ==bio+bi1 Cl(i),s(i) (a), a € [Mk(i)]-

Since g; y(;) = 1 for 7 € Ji, all main-effect coordinates {u(k(i),v) : v € [dk()]} are admissible.

We define the witness coefficients by

Bio := fi(0), Biuk()w) = fi(v)=filv=1) (v € [diw)]), Biv =0 for all remaining v € Z.
(S.18)
Then for all z € Z,

ni(2) = fi(Zk@)) = bio + bix cri).s6)(Zri))- (S.19)
For each 7 € J;, define two probability measures on &X; by
:ui,O(') = Pi, gi(bi,o,%)(')a Mi,l(') = PZ} gi(bi,o-l-bz',lm)(')'

Since b;; # 0, Assumption 2(iii) and Assumption 2(ii) imply p;0 # pi1. Since C* is
separating, we can choose B; € C{*" such that p;o(B;) # piq1(B;).

For each k € [K] and each s € [my], define the unique index iy s € J; by

ik,s = p;l(ka 3)7 Bk,s = Bik,sa

and set
Th,s,0 °= Migo,0(Bh.s), Tps = fiy o 1(Brs) s € [my),
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so that x50 # Tp.s1-
Choose t, large enough so that B; € 5§t*) foralli € J;. Fix any t > t,. Consider the sub-
matrix Ngfiub of Ngt) obtained by restricting to the 2 rows indexed by & = (Ek,s) ke[K], sefmu] €

{0, l}d, where for each i, we select

Bk,57 €k = 1,
S(t) _
Eik’sv k,s
Xik,sa ks = 07

and for columns we keep all z € Z. Under (S.19) and conditional independence across j € J;
given z,
K mp

N (e.2) = [T ] — ers + enstinsannn)s € €1{0,1}%, z€ 2. (S.20)

k=1 s=1

For each k € [K], define the 2™ x 2™ matrix H"! indexed by ¢® € {0,1}™ and

b e {0,1}™ via

my
HPM(e® by o= T — e + eBay ).
s=1
Then
full R 1 1 full T omp—1
HM = (X) o det(HPM) = [ [(@rs1 — Trso) 20,
s=1 \ Tks,0 Th,s,1 s=1

so H' is invertible. Let Hj be the 2™ x M, submatrix obtained by restricting the columns
of H"! to the subset {cx(a) : a € [My]} C {0,1}™. Since ¢ is injective, these M} columns
are linearly independent, hence rank(Hy) = M;,.

By (S.20), the matrix N( ) <up, 15 the Kronecker product of these blocks,

lsub ®Hk7
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so we have
K

K
rank(Nggub) = Hrank(Hk) = H My =r.
k=1

k=1
Therefore, at the coefficient choice (S.18), the full matrix Ngt) has full column rank r for
every t > t,.

The similar real-analytic argument applied to block J yields a Lebesgue-null set on
which rkk(Ng)) =r for all t > t,.

(ii) Eventual rkk(Ngf)) > 2.

Fix z # 2’ and choose k with 2z # 2. Let jp € J3 be as in Condition (i) in Theorem 2,
so that ¢;, » = 1. Set u, := min{z, 2.} + 1 € [M), — 1] so that Z,, (z) # Zk.,(2'). Then
B ulku,) is a free coordinate in the chart for item ji (subject only to B, uku.,) 7# 0), so
nj.(z) = n;,(Z') defines a proper affine hyperplane in that coefficient space. Hence, outside
the union of these hyperplanes over all pairs z # z', we have n;, (z) # n,,(2') for every z # 7.
By Assumption 2, this implies the corresponding conditional laws differ, hence for all large
enough t the columns of Ngt) are pairwise distinct, and together with the all-X row this
yields rk;(N{) > 2.

(#ii) Kruskal uniqueness for all large t. Combining the three blocks yields (S.12) for all
sufficiently large ¢t outside a Lebesgue-null set, hence uniqueness up to a common column

permutation. O

Fix © outside a Lebesgue-null set to be specified and take t large enough so that
Lemma S.5 applies. Let N denote the analogous factor matrices constructed from ©’

using the same discretizations and the same item blocks 71, J2, J3. If

P’ = [N{'Diag(p), Ny, Ny’ | = [N{"Diag(p'), N, N3],
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then there exists a permutation &® € S, such that

N (2) = NP (,6%(z)) (a=2,3),  (N{'Diag(p))(-,z) = (N"Diag(p)) (-, 6 (2)).
(S.21)
Let & an be the row index of N selecting X; for every j € J;. Then N (51 al,Zz) = 1 and

Nll(t) (&1a1,2) = 1 for all z, hence evaluating (S.21) at & . yields
Pz = plg(t)(z) Vz € Z. (822)
Dividing the last identity in (S.21) columnwise by p, yields

NU(,2) =N{(.6"(2) VaeZz. (8:23)

7

In particular, for every j € [J], every S € D", and every z € Z,

P g;ni(220) () = Pjg, 60 @)1 (5)- (5.24)

1)

® C D (t+ be the nested dis-

Lemma S.6 (Permutation stability under refinement). Let D

cretizations above, and let 8 S be the aligning permutations obtained from Lemma S.5

at levels t and t + 1. If Ngt) has full column rank r, then &+ = &,

Proof. Because DY C 2_?(t+1), every row event defining N(t)

also appears among the rows
defining NgtH). Thus the column Ngt)(-7 z) is obtained from N (t+1) ( ,z) by restricting to a
subset of rows. Using (S.23) at levels ¢ and ¢ + 1 and restricting the level ¢ + 1 identity to

the level t rows yields

N (.81 (2) = N (. 6 1(2)).

Since Ngt) has full column rank, its columns are pairwise distinct, and the same holds for

N" because it is a column permutation of N{". Therefore &®(z ) = & (z) for all z. [
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On a generic set where Ngt) has full column rank for all sufficiently large ¢, Lemma S.6

implies that &® is constant for all large ¢. Denote the common permutation by & € S,.

Now fix any j € [J] and any set S € C§*". Since Ut215§t) = C5*", there exists ¢ large

enough with S € 5?. Then (S.24) implies
P ;52020 (9) = Pjg (8@ (S)  forallz € 2.
Because C{*" is separating, we conclude
P g:(n;(@)7,)) = Pj,gj(ng(G(Z))ﬁj'-)) as probability measures on X}, VielJ], ze Z.
Finally, by Assumption 2(ii) and injectivity of g; in Assumption 2(iii), we obtain
ni(z) =n;(6(z), =1, Vi€l zeZ (S.25)
and combining with (S.22) (stabilized to &) yields

Pe=Dem  VZEZ. (S.26)

S.5.2 Recovering Q and restricting admissible relabelings (yielding Corollary 1)

Lemma S.7. Fiz integers My > 2 and Z = HkK:1[Mk] Let Q = (gjz) € {0,1}K and

define K; = {k : qj = 1}. For each item j, let n; : Z — R satisfy the structural restriction
nj(Z) = n;(Z") whenever Zix; = Zi,.
Assume the generic injectivity condition

n;(Z) # n;(Z') whenever Zi; # Zi,. (S.27)
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Let (Q', {n] 5]:1) be another design/predictor pair with the analogous property. Suppose there

exists a bijection o : Z — Z such that
ni(Z) =0/ (c(Z)) foralljelJ], Ze Z. (S.28)
Assume moreover the no-containment condition for Q

for any p # q, neither Q.,, = Q., nor Q., = Q. . (S.29)

Then the following conclusions hold.

(a) Let Cy = {j € [J] : qjx = 1} denote the support set of column k of Q. For any

Z.7' € Z, define the coordinate-difference set
S(2,Z') :={k € [K]: Zx # Z4}
and the item-difference pattern
D(Z,7') .= {j € [J] : n;(Z) # n;(Z")}.

Then
D(z,z)= |J G (S.30)

keS(Z,Z")

(b) The collection of inclusion-minimal nonempty sets among {D(Z,Z") : Z # Z'} equals
{Ck : k € [K]}. Consequently, the multiset of columns of Q is identified from {n;(Z)},

hence Q s identified up to a column permutation.

(c) There exists a permutation w € Sk such that

Cp=ClLyy  forallk e [K],
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equivalently Q' = QII for the permutation matriz I1 of 1.

(d) The relabeling o must lie in

K
(H SMk) X SK,M, SK,M = {w € Sk: Mw(k) = M, \V/k?}

k=1

More explicitly, with w from (c), there exist permutations 1, € Sy, such that for all

Z=(Zy,....2Zx) € Z and all k € [K],

Equivalently, for all (Zy,...,Zk) € Z,
O'(Zl, ceey ZK) = (Tw—l(l)(Zw—l(l))a NN >Tw—1(K)<Zw—1(K)))'

Proof. We prove (a)—(d) in order.
Proof of (a). Fix Z,Z' € Z. For any item j, by the defining restriction of K, we
have 1;(Z) = n;(Z') whenever Zg,; = Zj. . Conversely, by (5.27), 1;(Z) # n;(Z') whenever

Zy, # Zi,. Hence
ni(Z) #nj(Z') == Zk, # L, == K;NS(Z,Z) # @.
Therefore

D(Z,Z)={j: K;nS(ZZ)#2}= |J {:keK}= |J G

keS(Z,Z") keS(Z,Z")

which is (S.30).

Proof of (b). Let D := {D(Z,Z') : Z # Z'}. By (a), every element of D is a union of
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some subcollection of {Cy}X . Fix k € [K] and choose Z,Z’ that differ only at coordinate
k. Then S(Z,Z') = {k} and (a) gives D(Z,Z') = C} € D, so every C} appears in D.

Now take any nonempty D € D. Then D = J, .4 C for some nonempty S C [K]. If
|S| > 2 then for any ky € S we have Cy, C D. By (S.29), the inclusion is strict, hence D
is not inclusion-minimal. Thus the inclusion-minimal nonempty elements of D are exactly

{Cy : k € [K]}. Knowing all Cy recovers Q up to a permutation of columns.

Proof of (c¢). From (S.28), for any Z,Z’' € Z and any j € [J],

ni(2) # ni(Z') <= i (0(2)) # 1;(c(2)),

hence D(Z,Z') = D'(0(Z),0(Z')). Because o is a bijection on Z, the map (Z,Z') —

(0(Z),0(Z)) is a bijection on {(Z,Z') : Z # Z'}, and therefore
D={D(Z,2):Z+7}={D2,2):Z+7}="DD

as sets of subsets of [J].

By part (b) (which uses (S.29) for Q), the inclusion-minimal nonempty elements of D
are exactly {Cy : k € [K]}. Since D = D', the inclusion-minimal nonempty elements of D’
are also exactly {C}, : k € [K]}.

Fix k € [K] and choose Z,Z' € Z that differ only at coordinate k. Then D(Z,Z') = Cy,

so D'(0(Z),0(Z")) = Cy. Applying part (a) to (Q',n') gives

D'(0(Z),0(Z)) = U c.

hes' (o(2).0(2))

Every C} belongs to D’ (take two states that differ only at coordinate h), so each C} appearing
in the above union is a nonempty element of D" and satisfies C}, € |, cg Cj, = Ci. But Cj

is inclusion-minimal among the nonempty elements of D', hence no nonempty element of D’
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can be a proper subset of C. Therefore every C; appearing in the union must equal C. In
particular, there exists at least one index w(k) € [K] such that C7_, = C.

If w(ki) = w(ky) then Gy, = CL .y = CL,) = Ci,. Under (S.29), the sets {Cy}i,
are pairwise distinct, so k; = ko. Thus w is injective and hence a permutation of [K].
Consequently Cy, = C_ 4, for all k € [K], equivalently Q" = QII for the permutation matrix
II.

Proof of (d).

Define the Hamming graph on Z whose vertex set is Z and where two vertices are
adjacent if they differ in exactly one coordinate. For each k € [K], call an edge {Z,Z'} a
k-edge if Z,Z’ differ only in coordinate k.

By (c), Q' is a column permutation of Q, hence (S.29) also holds for Q'. Now fix a k-edge
{Z,7'}, i.e. Z,7' differ only at coordinate k. Then D(Z,Z') = Cy, so D'(0(Z),0(Z")) =
Cr = CLyy- 1f 0(Z) and o(Z') differed in at least two coordinates, then by part (a) for
(Q',7) the set D' (0(Z),0(Z')) would be a union of at least two distinct sets among {C} }.
Under (S.29) for Q’, such a union strictly contains each constituent, hence cannot equal
Cl - Therefore 0(Z) and o(Z’) differ in exactly one coordinate. Let that coordinate be h.
Then by part (a) for (Q',7') applied to the pair 0(Z),o(Z’) we have D'(c(Z),0(Z")) = Cj.
Comparing with D'(0(Z),0(Z')) = C[,, vields C}, = C;,, and since (S.29) implies the
supports {C1],...,Ck} are pairwise distinct, we conclude h = w(k). Consequently, o maps
every k-edge to a w(k)-edge.

Fix k € [K] and fix a context z_ € [[,,[Mp]. For t € [My], write z(z_y,t) for the
latent state whose —k coordinates equal z_; and whose kth coordinate equals t. Then any

two distinct vertices in the fiber
Fk(Z,k) = {Z(Z,k,t) :te [Mk]}

differ in exactly one coordinate (namely k), hence are joined by a k-edge. Since o maps

82



k-edges to w(k)-edges, it follows that for any ¢ # ¢/, the images o(z(z_x,t)) and o(z(z_g,t'))
differ in exactly one coordinate (namely w(k)). In particular, all vectors {o(z(z_g,t)) : t €
[My]} agree on coordinates outside w(k).

Therefore there exists a map 7y, , : [Mg] = [Mg)] such that
(o(z(z—r, t)))w(k) = Tz, (1) for all ¢ € [My]. (S.31)

Because o is injective, the points o(z(z_g,t)) are all distinct as t varies, hence 74, , is
injective. Thus My ) > My. Applying the same argument to o~ (which maps w(k)-edges
back to k-edges) yields M, > Mgy Consequently Mypy = My, and 7, , € Sy, is a
permutation.

Next we show that 7, , does not depend on the context z_j. Fix t € [M}] and take two
contexts z_j, b_j. In the Hamming graph on Z, there is a path from z(z_y,t) to z(b_y, )
that changes only coordinates in [K]\ {k}. Along this path, each step is an h-edge for some
h # k, hence its image under o is a w(h)-edge. Since w is a permutation, w(h) # w(k)
whenever h # k, so the w(k)-coordinate remains constant along the image path. Therefore
(0(2(2—1,1))) =) = (0(z2(b_k,t)))wm)- By (S.31), this implies 74, , (t) = Tep_, (t) for every
t, hence 73, _, is the same permutation for all contexts. Denote this common permutation
by 7 € S, -

We have shown that for every Z = (Z,...,Zk) € Z and every k € [K], (0(Z))ow) =
7(Zx). Equivalently, writing m = w(k) and k = @w™'(m), (0(Z))m = To-10m)(Zo-1(m))-
Therefore, for all (Z,...,2k) € Z,

O'(Zl, ceey ZK) = (Tw—l(l)(Zw—l(l))a cee 7Tw—1(K)<Zw—1(K)))-

Finally, since My4) = My for all k, we have @w € Sgwm. This proves that o lies in

(Hszl SMk> X SKkM- ]
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We now explain explicitly why Lemma S.7 implies Corollary 1. Fix any £ € A(F,P) and
any f € F. By definition of the indeterminacy set, the transformed pair (f o £71, £4p) also
belongs to (F,P). Write

fli=fo& L.

Since f € F, there exists a binary matrix Q such that (Q,{f;};_,) satisfies the structural

restriction

fi(z) = f;(z')  whenever zy, =z,

the generic injectivity condition

[i(z) # f;(Z) whenever zg, # z}(j,

and the subset condition on the columns of Q. Likewise, since f’ € F, there exists another

binary matrix Q' such that (Q',{f;}/_,) satisfies the analogous properties. Now set

n; = fj7 77; = ]/'7 g .= 5

Then for every j € [J] and every z € Z,

n;(z) = fi(z) = fj(&(2)) = nj(o(2)),

so all assumptions of Lemma S.7 are satisfied. Therefore Lemma S.7(d) yields

§€ <1f[1 SMk) X Sk M,

which is exactly the conclusion of Corollary 1.
Note that the corollary is, in one respect, more restrictive in its setup than Lemma S.7.

The lemma assumes the subset condition only for the true matrix Q, whereas Corollary 1
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is stated in terms of & € A(F,P), and hence requires both f and f o &7 to belong to F.
Consequently, both associated design matrices Q and Q' must satisfy the defining constraints
of F, including the subset condition.

Fix an item j € [J] and recall K; = {k € [K] : ¢j, = 1} and supp(u) := {k € [K] : uy >

1}. Define the admissible index set
Z]Q ={ue€ Z: supp(u) C K}, (5.32)
the corresponding feature vector

22(2) = ([[ 20 (@) ) __, € (0,15 (3.33)

and the free coefficient subvector

Q
B = (Bju)yeze €R. (S.34)

Then we have the reduced representation

n;(Z) = (B}, ®}(Z)). (5.35)

Lemma S.8. Fiz item j. If Zy; = Zi then n;(Z) = n;(Z').

Proof. Take any u € Z]Q If k£ ¢ K;, then supp(u) C Kj forces uy = 0, hence Zj,, (1) =
Zi0(-) = 1. Therefore the basis product Hszl Zyoui () depends only on Zy,. If Zy, = Zy,
then every coordinate of @?(Z) equals the corresponding coordinate of QJ?(Z’ ), and (S.35)
yields 1;(2) = n;(Z'). O

Lemma S.9. For any Z,7' € Z,

Zi, # Ly, = OX(Z) +# oX(Z)).
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Consequently, outside a Lebesque-null set in the free coordinates ,8? (equivalently, in the

non-structural-zero coordinates of 3;),

L, # Ly, = n;(Z) # n;(Z)).

Proof. Assume Z, # Z’Kj and pick k € K such that Z;, # Z. Without loss of generality
Zy < Zj. Set v := Z; € [My —1]. Then 7y ,(Z) = 0 and Z;,(Z') = 1. Since k € Kj,
the coordinate u(k,v) belongs to Z]Q, and its corresponding feature in (S.33) is exactly
H}If:l Thutkw), () = Zio(-), because u(k,v), = 0 for all h # k and I, = 1. Hence the
u(k, v)-coordinate of CD?(Z) differs from that of @?(Z’), proving CI);Q(Z) # CID?(Z’).

For the generic injectivity, fix any distinct pair (Z, Z') with Zg, # Z’Kj. By the first part,

@?(Z) — @?(Z’) # 0, so the equality 7;(Z) = n;(Z’) is the proper affine hyperplane

{67 (B}, 2}(Z) - @P(Z)) = 0}

in RIZ (using (S.35)). Since |Z| < oo, the union of these hyperplanes over all such pairs
is Lebesgue-null. Intersecting with the constraint set (which only removes finitely many

coordinate hyperplanes {/3; ) = 0} and thus does not change nullness) yields the claim.

[]

From Step 1 there exists a stabilized bijection o : Z — Z such that
ni(z) = nj(o(z)) Vel Vae 2. (5.36)

Apply Lemma S.8 and Lemma S.9 to every item j and intersect the corresponding generic
sets over j € [J]. On this intersection, the pair (Q, {17]-}37:1) satisfies the hypotheses of
Lemma S.7 with K = {k : ¢ = 1}. The same holds for (Q’, {n;}/_,).

Applying Lemma S.7 to (Q, {n;}) and (Q’,{n;}) yields an permutation @ € Sk m such
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that Q' = QII, where II is the permutation matrix of ™!, and the stabilized relabeling o

must lie in (H,If:1 Sw,) ¥ Skm. Equivalently, there exist permutations 7, € Sy, such that

O'(Zl, ey ZK) = (7—1(2@—1(1))7 c. ,TK(Zw—l(K))). (837)

At this stage we have identified the coordinate permutation w. In the next step we remove

the within-coordinate relabelings {7}, thereby concluding 7, = Id and hence o = 0.

S.5.3 Eliminate within-coordinate relabelings

bl

Recall that o, for the coordinate permutation on Z is defined by 05 (21, ..., 2x) = (2o-1(1), - - -
Zo-1(k)), and write 7 for the within-coordinate map 7(z1,...,2x) = (11(21), ..., Tx (2K)),
we have the factorization 0 = 70 0.

Define the relabeled alternative predictors

7(z) =nj(0x(2),  (GELJ], z€ 2),

and define the relabeled stabilized permutation ¢ := o_' og. Then o = 700, implies & has

within-coordinate form
(21, 2k) = (T1(21)y -+, Tr (2K)) for some 7, € Sy,
and the Step 2 alignment 7;(z) = 7j(0(z)) becomes
ni(z) =1 (0(2)) VjielJ], Vz e Z. (S.38)

Similarly, relabel the alternative measurement matrix by permuting coordinate indices
according to @. Let IT denote the permutation matrix of @ ! so that Step 2 yields Q' = QII.

Define Q’ := QII". Then Q’ = Q and hence Kj@ = K for all j. Moreover, Assumption 3
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is invariant under this coordinate relabeling.
Therefore, to prove that within-coordinate relabelings are trivial, it suffices to work with
the relabeled alternative model (Q/, {7;}) and the relabeled stabilized permutation &. For

notational simplicity, we may assume

w:Id7 Q,:Q7 O-(Zh"'azK):(7—1(21)7"'77_K(ZK))7

with 7, € S, .

Thus we are reduced to the within-coordinate form

O'(Zl,...,ZK):(Tl(Zl),...,TK(ZK)), TkESMk, (839)

and we show 75, = Id for every k.

Lemma S.10. Assume Assumption 3 holds for both (Q,{n;}) and (Q',{n;}). Assume also
that Q' = Q and that o has the within-coordinate form (S.39).
Fiz k € [K] and let ji, € J3 be an anchor item in the true design (Condition(i) in

Theorem 2) satisfying q;, = 1. Suppose the alignment for this item holds
nju(z) =1, (0(z)  Vze€Z. (S.40)

Then 1, = 1d.
Proof. Write j := jj, and R := Kj. Since Q' = Q, we also have K} = K; = R.

Recall the top-context block

Mj::{ZEZ:Zh:Mh—lfOI'aHheR}, m:‘M]‘:HMh
h¢R

Define M analogously for the alternative model. Since K} = K}, we have M’ = M;.
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By Assumption 3 in the true model, every z € M, has 7;(z) strictly larger than every

z ¢ M;. Equivalently, M; is the unique subset S C Z with |S| = m such that

ggm@)<2gm@-

The same uniqueness statement holds for n} with /\/l; by applying Assumption 3 to the
alternative model.

Now use the alignment (S.40): for any z,z" € Z,

n;(2) > n;(2) <= 1;(0(2)) > nj(o(2)).

Hence o maps the set of states attaining the top m values of 7; onto the set of states
attaining the top m values of 173-. By uniqueness of the corresponding size-m separated
block, this implies o(M;) = M’ = M;.

Since ¢ has the coordinatewise form (S.39), for any h € R and any z € M, (0(z)), =

(M, — 1). But o(z) € M, forces (0(z)), = My — 1 for all h € R. Therefore

Th(Mh - 1) = Mh -1 Vh € R. (841)

Next, for t € {0,1,..., M, — 1}, define a top-context state z() € Z by

2 = t, 2z =M, —1 (he R\ {k}), and arbitrary outside R.

By Lemma S.8, the value of 7; (z(t)) depends only on zg), so the choice outside R is irrelevant.

Define the one-dimensional profile g(t) = n;(z) for t € {0,1,..., M}, — 1}. We claim that

g is strictly increasing. Fix any u € [M) — 1]. Since k € R = Kj (because ¢;; = 1),

89



Assumption 3 gives

max 7;(Z) < min n;(Z).
A I zeT "

Taking Z = z with t < u — 1 in 76(];u) and with ¢t > u in 7‘1(?“) yields g(u — 1) < g(u),
hence ¢g(0) < g(1) <--- < g(Mg —1).

The same ladder also holds in the alternative model along coordinate k. Define z'® in
the alternative model analogously by setting 2z, = ¢, 2z, = M, — 1 for h € R\ {k}, and
arbitrary outside R, and set ¢'(t) := n;-(z’(t)). Since K} = K; = R, Assumption 3 applied
to the alternative model yields, for each v € [M} — 1], ¢'(u — 1) < ¢'(u) and therefore
g'(0) <g'(1) <--- < g'(My—1).

By (S.41), for every h € R\ {k} we have 73,(M;, — 1) = M, — 1, hence o(z®) = z/(+(®)

for t € {0,1,..., My — 1}. Using (S.40), we obtain

g(t) = n;(2") = (o (2")) = (2 ™) = ¢'(n(1)).

If s < t, then we have g(s) < g(t), so ¢'(7x(s)) < ¢'(7(t)). Since ¢’ is strictly increasing,
it follows that 7i(s) < 7(t) for all s < ¢t. Thus 7 is a strictly increasing permutation of

{0,1,..., M), — 1}, hence 75, = Id. O

Applying Lemma S.10 to each k € [K] yields 7, = Id for all k, so the stabilized relabeling

reduces to ¢ = 0.

S.5.4 Recover {f;} after aligning by 0.

For each item j, define the r-vector of identified linear predictors

= (0;(2),., €R,  mj=(1(2)), , R
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After aligning by ¢ := o, we have

n; = Qo M, (S.42)

where (), is the r X r permutation matrix acting on the state index z € Z.
List Z € Z in lexicographic order and set F' = (®(Z)")zcz € R™". With the same

one-coordinate ordering, let Fj, be the M, x M) matrix

) SIO?
Fk(t,S): te{O,...,Mk—l}.

1{t > s}, se{l,...,M;—1},

Then Fy, is lower triangular with ones on the diagonal, hence invertible, and the lexicographic
construction gives F' = F} ® Fo ® --- ® Fg, so F' is invertible.

Therefore, the saturated coefficients satisfy

n; = FB;, n;, = F 3], equivalently B;=F'n;, B,=F 7. (S.43)

Moreover, the coordinate relabeling o = o acts on the design vectors by ®(o(z)) =

P,®(z), which implies the matrix identity
Qs F=FP]. (S.44)
Indeed, for each z € Z,
(QoF)y: = Fyi(gy. = ®(07(2))T = (P2'0(2)) = ®(2) P] = (FP]),..

Combining (S.42)—(S.44) yields

B = F'n;= F~'Qm = F~'Q,F 8, = F"'FP1 B, = P18,
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hence

B;=Pzp;, jel, (S.45)
which completes the proof.

S.6 Proof of Theorem 5

Denote the finite state space by Z. By Assumption 1(a) there exists ¢ € (0, 3 min, p}).
Define the high-probability event Ex = {|[py — P*|lc < €}, for which P(Ey) — 1 since
lpy — || = Op(i) while ¢y — oo. Since P(Ey) — 1, it suffices to establish all subsequent
asymptotic statements on Ey.

On &y we have min,(py), > e. Fix any baseline z; and enumerate the remaining

d = |Z] — 1 states as z1,...,24. Define T,(p) := log(p";t)) for zy,...,24. Set 0" := T (p*)
and Oy := T (py), where T is a C* diffeomorphism from AS onto R? The whole line
segment [p*, py] := {p* + t(py — p*) : t € [0,1]} is contained in the convex, compact set
K, = {p :p, >cforall zand ) p, = 1}, which lies strictly inside the positive simplex.
The map T is a composition of an affine map and the coordinatewise logarithm on the

open set {p, > 0, > p, = 1}, so T is continuously differentiable there and the Jacobian

VT (p) is a continuous function of p. Since K. is compact, we have

L. := sup [|[VT(p)|. < oo

PEK. op

Therefore T is L.-Lipschitz on K.. Applying the integral form of Taylor’s theorem along the

segment [p*, py], we obtain
18x — 0%[l2 < Lellpy — p*ll2 = Op(5;)-

On the event £y, every coordinate of p* and py is strictly positive, so both 8* = T (p*)

and Oy = T (px) lie in the natural parameter space associated with the saturated multino-
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mial family on the finite state space Z. For z € Z define the sufficient statistic

¢(z) == 1{z = z,}, j=1,...,d, o(z) == (gbl(z),...,gzﬁd(z))T € R?.

With respect to the counting measure on Z, the saturated multinomial family can be written

in canonical exponential-family form as

po(z) = h(z)exp{(0,0(z)) — A(0)}, z€Z,

where we take h(z) =1 and 6 = (0y,...,04)" € E=R? and the log-partition function is

A(O) = 10g<1 +zd:egf>.

This saturated multinomial family is regular and minimal. The mean map p(6) := Vo A(0)
has components 1;(0) = Pg(Z = z;), and the Fisher information 1(0) := V3A(6) is contin-
uous on = = R% In particular, at the true parameter 8* = T (p*) we have I1(6*) = 0.

By continuity of 7(8), we can choose a convex open neighborhood (for example, a small

open ball) Ug C E with 8* € Uy such that

Then A is A\_—strongly convex on Uy, so V A is injective and, by the inverse function theorem,
the gradient map VA : Ug — U, := VA(Up) is a C* diffeomorphism onto its image, and
p o= p(0*) € U,. We can further pick s > 0 such that B(u*,s) € U,. All model
comparisons are taken over feasible sets By, = {0 : T 1(0) € M(M)} with M € {G,H}.
Write f(6; ) := (p,0) — A(6) and Vis(p) := supgez,, f(6; p).

Recall that Ry 1,..., Ry N " py. Define fiy := N1 SN 6(Ruy.). Since |8y — 6% =

Op(i) and Uy is open, there exists 7 > 0 such that B(6*,7) C Ug and P(Ox € B(6*,7)) — 1.
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Lemma S.11. V), is continuous at p*.

Proof. For each 8 € E);, the map p — (u,0) — A(0) is affine. As a pointwise supremum of

affine functions, V), is convex. Furthermore,

Vir(p) = sup {(n,0) — A(0)} < sup {(u,0) — A()} = A ().

[2ISSNY: Oeint(E)

If 1 € U, then supgepe, {1 0) — AO)} = (1, (VA) (1)) — A((VA)" (1)) < oo, thus
A*(p) < oo for all p € U,. Thus V) is finite on U,. As V), is convex and finite on the open

convex set B(u*, s), it is continuous throughout B(u*, s), in particular at p*. ]

Lemma S.12. ||iy — p*]| = O,(N7V2 + 1.
Proof. Let Fy := {0y € B(6*,7)}. Because I(8) = V3A(0) is continuous on Uy and

satisfies A_I; < 1(6) = A,I, for all @ € B(6*,7), we have supy g7 tr1(0) < dA, < cc.

For any ¢ > 0, write the probability with the intersection as
P(VN|iy — p(0x)]| > t, Fn) = E[17,P(VN||fiy — p(On)]| > t | 6x)].

On {6y = 6 € Fy} we have Var(fiy) = 1(6)/N, hence E[N ||ty —p(0n)|? | On] = trI(Oy).

Chebyshev’s inequality yields
P(VN||fin — p(0n)| > t, Fn) <t’E[1z, trI(On)] < dX, /12,

equivalently P(||ix — p(0n)| > t/VN, Fy) < dAy/t* for all t > 0.

By continuity of V?A on the compact B(6*,7), there exists L < oo with ||[VZA(0)|op < L

on this set, so VA is L-Lipschitz there. Consequently, for any n > 0 we have

P(||p(On) — p*ll >, Fn) <P(L||On — 07| >n) =P(||0n — 67| > n/L).
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Taking n = K'/cy gives P(||u(0n)—p*|| > K'/cn, Fn) = o(1) because [0y —0*|| = Op(cy').

For any K, K’ > 0,

K
P(|lay — pl| > =+ —)

\/N CN
<P(||pn — p(On)| > £,}—N) + P (On) — p*]| > E/,fN) +P(Fy).
\/N CN

Using the two bounds above together with P(Fg) — 0 gives limsupy_, . P(||Bn — p*| >
K/VN + K'/ey) < dA\y /K2 Since the bound holds for all K, K’ > 0, take K’ = K to get,

for every K > 0, limsupy_, ., ]P’(HﬁN—/J,*H > K(N_l/Q—i—chl)) < %= Given e > 0, choose

K. > \/d\, /e. Then there exists . such that for all N > N,
Py — 'l > K (N2 4 i) <,

which is exactly ||ty — p*|| = O(N"2 4+ ¢i!). O

For discrete causal graphical models, by Thm. 18.1 of Koller and Friedman (2009)
Sppeu(D | G) = £(8;D) — Ldglog N + O(1).
We will also utilize this fact in the subsequent proof.

Case 1: 0* € E5 \ E

Because I > 0 on int(Z), f(-; pw*) is strictly concave on int(E) and has a unique maximizer

0* = (VA)~!(u*) on int(E). Furthermore, since 8* € Ey but 68* ¢ E, we define

€o:= sup f(6;p*) — sup f(0;p*) = f(0*;p*) — sup f(6;p"). (5.46)

0cEy OcEq 0cEq

95



Since A is A_—strongly convex on Uy, f(0;u*) = (u*,0) — A(0) is A_—strongly concave on
Us.

Note that the independence constraints of G' are given by polynomial equalities in the
joint probabilities, so the set M(G) := {p : independence constraints of G hold; > p, = 1}
is algebraic and hence Euclidean closed. Therefore, M(G) N AJ is closed in Aj under the
relative topology. Since 7T is a homeomorphism, Z¢ is closed in E = RY.

Because B is relatively closed in int(Z2) and excludes 68*, we have § = infgcz,, [|0*—0||2 >

0. Pick any r € (0,0) with B(6*,r7) C Up. For any 0 € Eg, set t = o] € (0,1) and
0, =0*+1t(0—0*). Then |6, —6*|| = r and 8, € B(0*,r) C Ug. By concavity of f(-; u*) on
the convex set int(2), f(0,; u*) > (1 —t)f(0*; u*) +tf(0; p*), hence f(6;p*) < f(0,; u*).

By A_—strong concavity on Uy,

** * A . A_
105 07) = [0 ") = 116, — 07 = ="

Therefore, we have

[ < JOw) -5 (V0 eBg)

It follows that ey > (A_/2)r? > 0.

By Lemma S.11 and Lemma S.12, with probability — 1,

hence

S(H,D) - S(G,D) = }(dg — d) log N + N| sup f(8;in) — sup f(6; fin)| + O,(1)

0c=Egy 0c=qg

> L(dg — dy)log N + 22 4 0,(1)
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> 0.

We make explicit why the BDeu (BD) score admits a BIC expansion with an O,(1) remainder
under the triangular-array sampling Ry 1,..., Ry n £V pn, where py is random.

Fix a candidate DAG M on the discrete vector Z = (Z,)yey. For each node v € V', write
r, and g, for the number of states of Z, and the number of parent configurations of Pay,(v),
respectively. Index the parent configurations of Pay,(v) by u € {1,...,¢,} and the states of
Z, by ke {l,...,r,}. Given the dataset D := {Rn1,...,Ryn} with Ry, € Z, define the

empirical counts

N

Ty N
Nvuk = Z 1{(RN,i)PaM(v) = u, (RN,i)v - k‘}, Nvu = Z Nvuk - Z 1{(RN,i>PaM(v) - u}
=1 k=1 =1

Write O, := P(Z, = k | Pay(v) = u) and O,y := (Oputs- - Opur,) € Ar,_1, and assume

independent Dirichlet priors: for each (v, u),

6)fuu ~ Dlr(avuh s 7avurv)a Qpur > 0, Ay - = E Aouk-

For BDeu, one uses the special choice aux = a/(qu7y), hence oy, = a/qs,.

Now we write

Tv

qv
06 P(D 12 = -3 06T (o) - sl 430+

veV u=1

<log U(pur + Nyur) — log F(ozwk))] )

k=1

(S.47)

qv Ty
=Cula)+> ) [Z 10g T (v + Nour) — 10g T (v + Now) | (S.48)

veV u=1 k=1

where Cp(a) = >0 oy 20 flogT(owu) — Y _p2q log I'(uk)] depends only on M and the

hyperparameters.
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We now analyze one fixed CPT row (v,u). To simplify notation in this row, write

s T

ri=Ty, N = Nvuk7 n = Nvu - ng, A = Qyyk, A 1= Qg = E Qg
k=1 k=1

In what follows we work on the event min;<j<, ny > 1, so that logny, log gk, and log(1 +
ai/ny) are well-defined. We will show this event holds with probability — 1 on Ey later (see
(S.68)).

Define @\k := " then the row log-likelihood at the MLE is

Kw(g; D) = an log é\k = an log <%>
k=1 k=1 "
We apply Stirling’s expansion with an explicit remainder: for all z > 1,
log () = (ac - %) loga — x + tlog(2m) +n(x),  In(x) < —. (S.49)

Apply (S.49) to each logI'(ax + ny) and to logI'(a + n). We obtain

Z logI'(ax + ng) —log'(a +n) = Z(ak + ny — %) log(ax, + ni) — (a +n— %) log(a +n)
k=1 k=1

4T ; log(27) + z”: n(ax + ng) —nla +n). (S.50)
k=1
Define
T, = ki;(ak +ng — %) log ny, — (a +n— %) log n. (S.51)
7= Y (ot ) 1og (14 %)~ (aen—2)os (1+2). (852)
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Then we have:

r

T, = Z(ak + ng — %) <logn + log <%>> - (a +n— %) logn (S.53)

n
k=1
— (i(ak +np—3)—(a+n— %)) logn + i(ak + g — %) log (%) (S.54)
k=1 k=1
= T ; 1 logn + ;nklog (%) + ;(ak — %) log (%)
=-: ; logn + gvu(é\; D) + i(ak - %) 1og 0. (S.55)

k=1

Combining (S.50) with (S.55) and (S.52) gives

- ~ r—1 . ~
ZlogF(ak +ny) —logT'(a+n) = €y, (0; D) — 5 logn + Z(ak — %) log 6,
k=1 k=1

r—1

+ 15+ 5

log(27) + > _ nlar + n) — nla +n).

(S.56)

We now return to the original indices. For each row (v, u), define

—~ Now —~ v ~
evuk = NU: ) Evu(e; D) = Z Nvuk log 9vuk7
k=1
and define
Ty o = Z(Mk 4 Ny — l) log (1 + O‘”“’“) - (aw £ N, — l) log (1 + 0‘““) (S.57)
’ 1 2 Nvuk 2 VU ’
E’vu = Z n(avuk + Nvuk) - n(avu + Nvu) (858>
k=1

Then (S.56) becomes, for every (v, u),

r

Ty R =1 Ty R
> 108 T (At + Nowk) = 108 T (0 + Now) = LonB5 D) = === log Now + 3 (awk . %) 10g B
k=1 k=1
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—1
+ Tou + log(27) 4+ Eyu. (S.59)

Sum (S.59) over all v and u and substitute into (S.48). This yields

1 Qv

log P(D | M) = ((6y: D) — 5 D> (re—1)log Ny + Rjy (S.60)
veV u=1
((Or; D ZZ@W (0: D) ZZZkalog< “’“)
veEV u=1 veEV u=1 k=1
Ry n = Cul(a ZZ — 1) log(27) +ZZi<avuk >log§wk
UEV u=1 veV u=1 k=1
qv qu
veV u=1 veV u=1

Define the model dimension dy; = >, oy Do (7 — 1).

——Z —1)log Ny, = —= Z —1 logN—%Z(m—l)log (J\][\Z}u

V,U

= —idM log N — %Z(rv — 1) log (Jj\z}u) (S5.62)

V,U

Substitute (S.62) into (S.60) to obtain

log P(D | M) = €(B: D) - %dM log N + Ry, (3.63)
Nyu
Ry = ——ZZ 1 10g< -~ ) (S.64)
veV u=1

We now prove that Ry ny = Op(1) under our sampling. Fix (v,u,k) and define the

cylinder set Ay == {2 € Z: 2pay, ) = U, 2 = k}. On Ey we then have

PN (Avur) = Z (pn)> > min (pn). > €.

2€EAuk
ZeAvuk v
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Conditional on py, the count N, is binomial:
N
Nvuk - Z 1{RN,i € Avuk} ‘ PN ~ BIH(N, pN(Avuk))

i=1

Using the Chernoff bound,

NpN(Avuk)

S ) < exp < - %) on Ey. (S.65)

]P)<Nvuk S %NpN<Avuk) ’ pN) S €exXp ( -

Since py(Ayur) > € on En,

P(ka < SN ‘ pN> < exp ( — %) on Ey. (S.66)

Let m(M) := ", .y qu7v be the total number of triples (v, u, k). Define the event
An(M) = {min min  min Ny, > %N}

veV 1<usqy 1<k<ry,

By a union bound and (S.66),

P(Ay (M) | ) < > P(Nour < 5N | ) < (M) exp ( - %) on Ey. (S.67)
Hence
P(An(M)°) = P(An(M) N EN) + P(ER)
= E[1¢,P(AN(M)° | py)] + P(E5)
<m()exp (= ) +E(E) — 0
Therefore
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On Ay(M) we have, for every (v,u), Nyy = Y1 Nowx > 5N, and for every (v,u, k),

Ot = > > &
efuuk Nvu =y <= 5
Hence, on Ay (M),
Nyu ~
log (<) € [log(e/2), 0], log B € [log(=/2), 0]. (S.69)

We now bound each term in Ry, n on Ay (M).
First, Cy(a) and 537, (r, — 1) log(27) are finite and do not depend on N.

Second, by (S.69),

‘ Z (avuk - %) log Oyur| < Z

v,u,k v,U,

Oyuk — % . ‘log(5/2) ,

which is a finite constant because the sum is over finitely many (v, u, k).
Third, we bound T3,, defined in (S.57). On Ayx(M) we have N, > (¢/2)N and
Ny > (¢/2)N. Therefore,

VU U 202
0 S (avuk + Nvuk o %) lOg (1 + - k) S (avuk + Nvuk> Qouk S Qo + —aUUk.

Nvuk Nvuk eN
Similarly,
0<< + N, 1)1 <1+a”“>< +2O‘12’“
Qyy vu — 5 | 10 S gy .
- 2) 08 v eN
Hence, on Ay (M),
T |<§:< +2ag“’“>+< +2a3“><2 +2(i2 - 2) (S.70)
vu| —= avu Y avu -~ Oéyu — (6 [0 . .
2, — k eN eN eN pa vuk [N

Summing (S.70) over finitely many (v, u) shows > . T5,, is bounded by a constant plus
O(1/N) on Ay(M).
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Fourth, we bound Zuu E,, defined in (S.58). On Ay (M) we have vy + Npwk = Nopwre >
(¢/2)N and auy + Nyy > Ny > (¢/2)N. Since |n(x)| < 1/(12z) for > 1, we obtain, on
An(M),

< 1 PR 1 1
= 12(ur + Npwr) ~ 12Ny — 12(¢/2)N  6eN’

‘n(avuk + Nvuk)

and similarly |1(auyy, + Nyu)| < 1/(6eN). Therefore, on Ay (M),

Ty

1 1 7y + 1
Evu S - 5
| | ; 6eN * 6eN 6eN

and summing over finitely many (v, u) gives ), Eu = O(1/N) on Ay(M).

Finally, the extra term in Ry y is —3 Yo —1) log(&e+), which is bounded on Ay (M)
because of (5.69) and finiteness of 3 (r, —1) = du.

Combining the previous bounds with (S.68), this implies Ry n = Op,(1) under the
triangular-array sampling Ry; ~ py. Since we only compare finitely many models (in
particular {G, H}), the same argument applies to each of them, and hence all BDeu/BIC

remainders appearing in the score differences can be taken as O,(1).

Case 2: 0 c Ey NEq; and dg < dy

Recall Vs (1) = suppea,, {11, 6) — A(6)} and A*(1) = supgesnyizy {14, 0) — A(8)}. Because
0* € 2y and A*(p) maximizes over a superset int(Z2), for any p and any M € {G, H} we

have

0 < Viulp) — f0%1) < A*(n)— F(6% o). (S.71)

Recall that the gradient map VA : Up — U, is a C*° diffeomorphism and 6(-) =

(VA)7'(:) : U, — Upg is a C™ inverse map . By the Fenchel-Young equality,

A (p) = sup{(p, 8) — A(0)} = (1, 0(pn)) — AO(p)) (k€ U,),

0c=
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whence, by the chain rule, VA*(u) = 8(u) and V2A*(u) = [VQA(G(H))]_l. Evaluating at
p* gives VA*(u*) = 0* and V2A*(u*) = 1(6*)7 L.

Therefore, by Taylor’s theorem on B(u*, s),

Af(p) = A" (") + (VA (07), p— ") + 5 (= ") VA (") (e — ") + o([| e — p|)
= ((1",67) — A(0")) + (6", — ") + 5 (p — ") T 1(0") (1 — p*) + o]l e — p*]]?)
(S.72)

= f(O 5 1*) + (0" = p*) + 5 (= p) 1O (= p) + ol — p*[?). (S.73)
On the other hand,
f(0% ) = (p,0%) — A(6") = f(6"; p") + (0", p — p7). (S.74)
Subtracting (S.74) from (S.73) yields
A(p) = f(0% ) = 5 (p — p) " 1(0") " (i — p*) + o[l — p*[1?). (S.75)

Combining (S.71) and (S.75), we conclude that there exists 0 < ¢ < s such that for p €
B(w*, 1),
0< Vir(p) = f(0% 1) < 5=l — w1 (S.76)

Applying (S.76) to M = G, H and subtracting, for all u € B(u*,{) we get
Vi () = Ve(p)| < Vi () = f(0%m)] + [Ve(p) — F05 )| < Zllp—p*l*.  (S.77)
By Lemma S.12, iy — p*|| = O,(N72 4+ ¢'), hence
Vir(fin) = Va(in) = Oy (Iy = w'IP) = (N2 4 3?). (8.78)
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Plugging (S.78) into the score difference, we obtain

S(H,D) — S(G,D) = L(dg — dy)log N + N[V (fin) — Vo (fin)] + Op(1)

N[ —=

(dg — da)log N + 0p(1 VN + chVQ) +0,(1).  (S.79)
In particular, if cy = w(y/N/log N), then VN ¢y = o(log N) and N ¢5? = o(log N), so
S(H,D) — S(G,D) = L(dg — dy)log N + 0,(log N) + O,(1).

Consequently, if dg < dy, then S(H,D) — S(G,D) < 0 with probability — 1.

S.7 Proof of Corollary 2

By Theorem 5, it suffices to show that decomposability together with {cy }-consistency
implies {cy }-local consistency of BDeu.

Fix a DAG G and an addition i — j, and write G’ = G + (i — j). By decomposability,
S(G',Dy) = S(G,Dy) = s(R;,Paf U{R;}) — s(R;,Pa),

so the score change depends only on the local family at Xj.

To analyze this local change, construct a convenient comparison pair (H, H') as follows.
Choose a total order 7 of the vertices in which every node in PaJG comes before 7, ¢ comes
before j, and j comes before all remaining nodes. Let H’ be the complete (tournament)
DAG consistent with 7 (i.e., orient every pair u <, v as u — v). Then Paf' = Pa]G U{R;}.
Define H by deleting the single edge i — j from H’. Deleting an edge preserves acyclicity
and yields Paf = Pa]G, and H' = H + (i — j). Since H and H' differ only at the family of

R;, decomposability gives
S(H',Dy) — S(H,Dy) = s(R;,Pal U{R;}) — s(R;,Pa¥) = S(G', Dy) — S(G, Dy).
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Now apply {cy }-consistency to the global comparison between H and H'. In the depen-
dence case R; U, R; | PaJG, the complete DAG H’ imposes no conditional-independence
constraints and therefore contains p*, whereas H enforces the false constraint R; 1L R; | PaJG
and thus excludes p*. By {cy}-consistency, S(H', Dy) > S(H, Dy) with probability — 1,
hence S(G’, Dy) > S(G, Dy) with probability — 1.

In the independence case R; 1L, R; | PajG, both H and H’ contain p*, but H’ has
strictly more parameters (one extra parent for R;). By the second clause of {cy }-consistency,
S(H,Dy) > S(H', Dy) with probability — 1, hence S(G, Dy) > S(G’, Dy) with probability

— 1. This is exactly {cy}-local consistency.

S.8 Proof of Theorem 4

Conclusion (i) follows directly from Theorem 3. It remains to show Conclusion (ii).
Following the notation in Section 4.3, we conclude that Oy is a /f (N)-consistent esti-

mator of @ and g(N) = v/N. Combining this with f(N) = o(Nlog N), we immediately

have
N

o (V) =y o)

By Corollary 2 and the analysis in Section 4.3, the following holds: let G be any DAG
and G’ be a different DAG obtained by adding the edge i — j to G. As N — oo, with

probability— 1 we have
(L1) If Z; Y p Zi | PaS, then S(G',Z) > S(G,Z).
(L2) If Z; 1L, Z; | Pa%, then S(G',Z) < S(G, Z).

Here S(-) is the BDeu score. Note that BDeu is score equivalent by Theorem 8 in Chickering
(1995).

Next, we adopt the reformulation in Nazaret and Blei (2024). For a MEC M, let Z(M)
(insertions) and D(M) (deletions) denote, respectively, the sets of MECs reachable from M

by adding or deleting a single edge in some DAG representative of M. Since our score S is
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score-equivalent, we write S(M) for the common value S(G) over any G € M. We introduce

two propositions:
Py (M;p*) : all conditional independencies encoded by M hold in p*,

Py(M;p*) . p*is DAG-perfect for every DAG in M,

By Theorems 6-8 in Nazaret and Blei (2024), the following three statements are enough to

guarantee correctness of the two-phase greedy search in MEC space:
(A) If maxppezon S(M') < S(M), then P (M;p*) holds.

(B) If P(M;p*) holds and M' € D(M) satisfies S(M') > S(M), then P,(M’; p*) holds as

well.
(C) If Py(M;p*) holds and maxyrepry S(M') < S(M), then Py(M;p*) holds.

As a result, our last task is to show these three statements hold for score equivalent scores
satisfying (L.1) and (L.2). The following verification essentially follows the ideas of Proposition
8 and Lemmas 9-10 in Chickering (2002), but we reprove it here for completeness.
Verification of (A).

Assume maxypezany S(M') < S(M). We prove Pi(M;p*) by contraposition. Suppose
Py(M; p*) fails. Then there exist a DAG G € M, a node Z;, and a non-descendant Z; of Z;
in G such that Z; U, Z; | Paf. Because Z; is a non-descendant, adding the edge Z; — Z;
to G does not create a cycle. Moreover, since the conditional independence with respect to
PajG is violated, this Z; cannot belong to PajG (if Z; € PajG the statement Z; 1L« Z; | Paf
is trivially true). Thus we can form an MEC M’ € Z(M) by inserting Z; — Z; into
G. By (L1) this insertion strictly increases the score, so S(M’') > S(M), contradicting
max ez S(M') < S(M). Hence Py (M;p*) must hold.

Verification of (B).
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Let M be an MEC such that P, (M;p*) holds, and let M’ € D(M) satisty S(M') > S(M).
Pick G € M and let G € M’ be obtained from G by deleting a single edge Z; — Z;, so that
the parent set of Z; changes from PajG to PajG \{Z:}.

Since P;(M;p*) holds, the law p* factorizes according to G:
p(Z) = p*(Z; | Paf) [ p"(% | Pay). (S.80)
k#j

Now consider the reverse operation that inserts the edge Z; — Z; into G’. This insertion
produces GG. On the high-probability event where (L1)—(L2) hold for this insertion, the
alternative in (L1) would imply S(G,Z) > S(G',Z), contradicting S(G',Z) > S(G,Z).

Hence the (L2) alternative must hold, which yields
P(Z; | Z;,Paf \{Z}) = p*(Z; | Paj \ {Z:}). (S.81)

Define a set of local conditionals for G’ by keeping all other conditionals the same as in

G and by replacing the conditional at Z; with
q*(Z; | Paj \ {Z:}) := p*(Z; | Paf \ {Z:}).
Combining (S.80) and (S.81) we obtain,
P (2) = ¢*(Z; | Paf \ {Z;}) [ [ »"(Z: | Paf),

K]

which is exactly the factorization of p* with respect to GG'. Hence p* is also represented by
G’, and therefore P (M’; p*) holds (Theorem 6.2 in Evans (2025)).
Verification of (C).

Assume P;(M;p*) holds and maxypepan S(M') < S(M). We will show P (M;p*).

Suppose, toward a contradiction, that P(M;p*) fails. Let G* be a DAG such that p* is
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DAG-perfect for G*, and let M* be its MEC, so that Z(p*) = Z(M*). Since P»(M;p*) fails,
we have M* # M. Since Py(M;p*) holds, we have Z(M) C Z(p*) = Z(M*), and hence
T(M) G Z(M~). Pick representatives G € M and G* € M*. By Theorem 4 in Chickering
(2002), there is a finite sequence of single-edge operations (covered edge reversals and edge
deletions) that transforms G into G*, and along the entire sequence Z(G*) 2 Z(G’) holds for
every intermediate DAG G’. In particular, there exists a first deletion in the sequence, say
G — G, obtained by removing Z; — Z;, with Z(G*) D Z(G4) 2 Z(G). Let M; denote the
MEC of (.

Because Z(G*) 2 Z(Gy) and p* is DAG-perfect for G*, every conditional independence
encoded by Gy holds in p*. Deleting Z; — Z; from G yields Gy with Pa§* = Pa{\{Z;} and Z
a non-descendant of Z; in GG;. Thus, by the local Markov property in GG1, we have in particular
Z; 1L Z;|Pa$ \ {Z;}, and so this independence holds in p*, namely Z; L, ZZ-|PajG \ {Z:}.
By (L2) applied to the reverse insertion that adds Z; — Z; to G; (thereby recovering G), we
have S(G,Z) < S(Gy,Z) for large N with probability— 1. Therefore, the deletion G — G,
strictly increases the score, and by score equivalence S(M;) > S(M) with probability— 1.

But M; € D(M), contradicting maxyepn S(M') < S(M).

Remark 3. In Chickering (2002, Prop. 8; Lemmas 9-10), the proof of GES correctness im-
plicitly mizes local consistency with consistency. In this paper we follow the XGES reformu-
lation (Nazaret and Blei, 2024) and provide a new proof using only the two local-consistency

conditions (L1)-(L2), thereby avoiding any appeal to consistency.

S.9 Implementation Details

S.9.1 Assumptions regrading the penalty function

For completeness, we spell out the shape assumptions on the penalty p,, ., and tuning
parameters (Ay,7y) used in Theorem 3. For some Ay, 7n > 0, pry.ry 1 R — [0,00) is a

sparsity—inducing symmetric penalty that is nondecreasing on [0, c0), nondifferentiable at 0,
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differentiable on (0, 7y), and satisfies

AN

Py (0) =00 b=0,  py (0) SC—if B <7, Payry(b) = A i [b] = 7,

ANSTN ™ 1

for some constant C' < co independent of N.

S.9.2 Detailed Initialization Algorithm

Let pn: H — X; denotes the known mean function of the observed-layer parametric family

as described in (1).

Algorithm 3: Spectral initialization

Data: X, K, function § = p o g, truncation parameters €, §

. Algorithm 3 summarizes this algorithm.

1. Apply SVD to X and write X = ULV ", where ¥ = diag(c;) and o1 > ... > 0.

2. Let X = Zkf(zl orugvy , where K := max{K + 1, arg max{o; > 1.01v/N}}.

3. Define X i by truncating X ; to the range of responses, at level e.

~

4. Define L by letting 1(i,§) = §~ " (G (4, 7))-

~

5. Let Lo be the centered version of L, that is, le(z',j) =1(i,j) — % fovzl

AN AN A

6. Apply SVD to io and write its rank-K approximation as f;o ~ UXV.

7. Let V be the rotated version of V according to the Varimax criteria.

8. Entrywise threshold V at ¢ to induce sparsity, and flip the sign of each column so that all

columns have positive mean. Let Q be the estimated sparsity pattern.

9. Estimate the centered Zg by Zo = IAJOV(VTV)_l, and estimate Z by reading off the signs:

~

Z(i,k) = 1(Zo(i, k) > 0).

10. Let Ziong := [1,Z]. Estimate B by B := Cy((Z]),,, Ziong) 2y, L0) - G,

element-wise product and Cy is a positive constant.

11. Define R = X — ZongXT and estimate v, by 7, = + Zi\il 7(i, 7).

~ ~

Output: p, B, v, Z.

(k. 5).

where - is the

We explain more on the truncation details in Step 3 by considering specific response
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types. For Normal responses, the original sample space is R and the truncation (Steps 1-4

in Algorithm 3) may be omitted. For Binary responses, we set

€, lfCIZK(Z,]) :0,

1—e¢, ifag(i,j) =1

For Poisson responses, we set

o €, if xi(i,7) <,
I’K(Z,]) -
xi(i,7), otherwise.

In terms of implementing the method, we follow the suggestions of Zhang et al. (2020) with

e =101

S.9.3 Simulation Setup Details

In all simulations, we set Q and p as follows. The measurement matrix Q takes the form

1 1 1 0
1 1 0
Q 1
1
1
I 1
0 1 1
KxK 0 1 1 1
KxK

We consider two banded choices for the submatrix Q’: Q) and Q), and denote the cor-

responding full matrices by Qi, Qs respectively. Both choices satisfy the identifiability
conditions in Theorem S.1.
Given a DAG on the latent variables, we define the distribution p so as to yield balanced

conditional probabilities and avoid degeneracy. If a child has a single parent, then when the
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parent equals 1 the Bernoulli parameter of the child is drawn uniformly from [0.3,0.35] or
from [0.65,0.7] with equal probability, and the parameter for parent 0 is set to be the com-
plement. If a child has two parents, we consider the four parent configurations (0,0), (0, 1),
(1,0), and (1,1). For configuration (0,0) we draw the Bernoulli parameter independently
from [0.2,0.25], and for (1, 1) we draw it from [0.6,0.65]. For the mixed configurations (0, 1)
and (1,0), we draw one parameter from [0.35,0.4] and the other from [0.77,0.82].

We consider three parametric families for the observed layer: Gaussian, Poisson, and
Bernoulli for continuous, count, and binary data, respectively. This allows us to assess the
robustness of our method under both continuous and discrete measurement models. Because
these families live on different scales, we specify different values for the regression parameters

G-

(

—1, Gaussian;
Bjo =
1,  Poisson/Bernoulli;
\
(3
K 1(g;r=1), Vjel[J], ke[K], Gaussian;
Bik = 2 =1 i
’ 2
—L(g;r =1), Vjel|J], ke [K], Poisson/Bernoulli.
\ Zk/:1 dj.k

The variance parameter is fixed to be 7; = O'JZ» =1 for all j.

S.9.4 Choice of f(N)

Recalling our algorithmic procedure, we obtain a f(/N) x K matrix by sampling from p.
Although we have specified the admissible range for f(N), the exact choice within this
range remains to be determined. In our simulations, balancing computational efficiency and
performance, we record the recovered DAGs when f(N) = N,2N,3N. In these three cases,
the matrices on which GES is applied are denoted as 21, 22, 23. We record the averaged

SHD (Structural Hamming Distance) for different scenarios in Table S.3
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Bernoulli Poisson Lognormal

Model ~ Q Z 3000 5000 7000 3000 5000 7000 3000 5000 7000
Z, 555 3294 2938 2248 1362 0638 0412 0254 0.122

Qi Z, 5966 492 488 2284 198 1206 0992 049 0.33
Chain.10 Zy 7852 691 7344 3518 3178 2542 182 1246 0.95
Z, 5664 3258 3.042 2174 0.704 0488 0406 0.208 0.146

Q: Z, 6042 4784 5314 224 1306 1.048 0.894 0.562 0.328

Z; 8058 7016 7.54 3534 253 2272 175 1.286 1.026

Z, 4372 2308 1308 185 1.692 136 094 051 0.308

Qi Z, 5024 3674 3068 3.09 2656 266 1.528 0.788 0.344

Tree-10 Zy TOT 5566 5106 4.622 4518 3982 2388 132 1.032
Z, 43 193 126 2676 1.556 1.146 114 0.618 0.346

Q> Z, 5152 3.346 2936 3.62 241 2218 1.582 0.878 0.496

Z; 726 5368 4.964 522 4136 3706 266 1.578 0.882

Z, 7692 6334 5798 5838 5422 4892 0.196 0042 0

Qi Z, 7352 6274 6132 5278 4754 4786 0.06 0.036 0.014

Model-7 Zy 7806 6976 6994 518 5362 6288 0.144 0.1  0.102
Z, 7554 6304 568 5848 5526 5082 0262 0.054 0.004

Q Z, 7312 6238 6022 539 5048 5124 0.1 0.036 0.036

Z; 7714 683 687 5148 5452 6552 0.188 0.098 0.084

Z, 4336 2682 219 2106 1916 1.878 0.132 0048 0

Qi Z, 5012 3498 3336 2356 2.238 2742 0.172 0.084 0.058

Model8 Zy 6354 5108 5532 317 3202 4336 0416 0248 0.22
Z, 4342 272 2374 2264 19 1782 0202 0.052 0.002

Qs Z, 4992 3416 329 2516 2388 258 0.15 0.07 0.036

Z; 6264 4.952 5454 3.336  3.808 417 0498 0.302 0.25

Z, 2237 16454 14.062 24.65 16472 14.162 3.206 1.646 1.008

Qi Z, 23.274 17.152 15544 24 16106 15258 3.138 1.788 1.17
Model-13 Zy 25134 19594 1824 2516 18706 18.732 3.89 2554 1.728
Z, 22252 1629 14.606 25.134 15.626 12.934 3.032 1.872 0.994

Q> Z, 23.348 16816 15.622 24.686 15162 14.258 2852 2.082 1.158

Zs; 25262 19.334 18.68 25.612 17.592 17.46 3.624 2.696 1.68

Table S.3: SHD.

One can find that although 21 achieves the best results in most cases, 22 and 23 can

occasionally outperform it. Therefore, we regard % as a tuning parameter, and the choice
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of its optimal value remains an open question. At this stage, we recommend using 21.

S.9.5 Q-matrix for the TIMSS data

This subsection provides the Q-matrix used in Section 6.1; see Table S.4.

Table S.4: Q-matrix for the TIMSS 2019 math assessment booklet 14.

Item ID | Number Algebra Geometry Data and Prob. Knowing Applying Reasoning

—_
—_

0 0 0 0 0

[S—
(@)
D DD DD DD DD DO DODODODOOHHP P PP OOOOOOOO O
O OO OO OO == OO ODODDODODDODDODODOFEFHMFMFEOOO
SO O R P PP OO oo PR OOOoODOoOooo
— == O 0000000 HF OODOODODOoOOoODOoOOo oo
DO OO OO H OO OHR R OO R OOODODOoODOOHrHrOR,ROOHR
O R P P OO PP PP OOFOOOHFRFEFEFMFEFOFOORFOFH-
—_H O OO R FPF OOODODDODDODIOHODDODDODDODOODOHOHOOO oo
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S.9.6 Seesaw Image Generator and Preprocessing Details

For each sample i € [10000], we draw (Zy;, Zo;) independently as Bernoulli(0.5). Then Z3; is

generated from a stochastic seesaw-response rule

D3i ~ Bernoulli(pg(Zli, ZQZ-)), p3(1,1) = 0.8, p3(21,20) = 0.2 for (21, 20) # (1,1).

The occluded-ball visibility Zy; is generated conditionally on Z3; as

Zai ~ Bernoulli(p4(Z3i)), pa(1) = 0.99, p4(0) = 0.

Given a latent configuration (z1, 29, 23, 24), the generator renders a 256 x 256 RGB scene
and converts it to grayscale. The scene consists of a fixed pivot and a rigid plank (the seesaw)

that rotates by an angle

—ap, 23 =1 (left side up),
a(z) = with ao =25

+ag, 23 =0 (left side down),

A left ball is placed on top of the plank near its left endpoint. The two tray balls (z; and
2z9) lie on two well-separated slots of a horizontal forked tray whose position is fixed in the
image, so the tray does not rotate with the seesaw.

Across images, we introduce mild nuisance variation through small i.i.d. positional jitter
in the seesaw subsystem. In particular, for each rendered scene we perturb the pivot and
plank center by independent uniform offsets in [—d, ] along each axis, with 6 = 0.001 in
normalized coordinates, and we apply an additional small shared offset to the seesaw-side
balls. This prevents the images from being identical templates within the same latent state
and makes the learning task more challenging, while preserving the intended semantics.

The fourth ball is positioned at the left ball’s canonical “down” location (the z3 = 0
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geometry) and is drawn before the left ball so that, when z3 = 0, the left ball occludes it.
When z3 = 1, the left ball moves upward and the fourth ball may become visible if z, = 1.

Let X8 ¢ {0,1,...,255}256%256 denote the grayscale image for sample 7. We then
construct an inverted binary mask at the original resolution by thresholding at 80: pixels
with grayscale value greater than 80 are set to 1, and dark pixels (the balls) are set to 0.
We resize this binary mask to 96 x 96 using nearest-neighbor interpolation to preserve sharp
object boundaries, and denote the result by Xk € {0,1}96*%, Under this convention, ball
pixels are coded as 0 and non-ball pixels are coded as 1.

Finally, we produce the 16 x 16 pooled representation XP°** € {0,1}'6%16 by applying
min-pooling over non-overlapping blocks of the 96 x 96 mask, yielding 256 binary features
per image. Because the mask is inverted, a pooled entry equals 0 if at least one ball pixel
appears in that spatial cell, and equals 1 otherwise.

Therefore, we obtain
2 2
Xoriginal € {0, ... ,255}10000><256 , Xonask € {0, 1}10000><96 7

Xpooled € {0, 1}10000%256 7/ ¢ £() 1}10000x4

where each row corresponds to one rendered scene and its associated latent state. Example
images are shown below. In each figure, the single row displays (from left to right) the
original image, the balls-only mask, and the pooled representation. We fit our model using

the pooled data X, ooled-

S.10 Connections with Existing Studies

We emphasize that our statistical specification of causal mechanisms is deliberately broad
and flexible. For the causal structure among latent variables, we allow for arbitrarily com-
plex dependencies among the latent factors. The only structural limitation is that the latent

variables are taken to be discrete. Far from being restrictive, this choice has proven espe-
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Original Image (256x256) Z=[0, 0, 0, 0]

Balls-Only Mask (96x96)

Preprocessed Image (16x16 pooled)

Original Image (256x256) Z=[1, 0, 0, 0]

Balls-Only Mask (96x96)

Preprocessed Image (16x16 pooled)

Original Image (256x256) Z=[0, 1, 0, 0]

Balls-Only Mask (96x96)

Preprocessed Image (16x16 pooled)

Original Image (256x256) Z=[1,1, 1, 1]

Balls-Only Mask (96x96)

Preprocessed Image (16x16 pooled)
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Original Image (256x256) Z=[1, 0, 1, 1]

Balls-Only Mask (96x96)

Preprocessed Image (16x16 pooled)

Original Image (256x256) Z=[1, 1, 0, 0]

Balls-Only Mask (96x96)

Preprocessed Image (16x16 pooled)

Original Image (256x256) Z=[0, 1, 1, 1]

Balls-Only Mask (96x96)

Preprocessed Image (16x16 pooled)
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cially fruitful. On the theoretical side, assuming discrete latent variables allows us to employ
powerful identifiability results from mixture and latent class models, thereby greatly facil-
itating more rigorous analysis (Teicher, 1967; Yakowitz and Spragins, 1968; Allman et al.,
2008). On the modeling side, discrete latent hierarchies have formed the basis of influential
architectures in machine learning, such as deep Boltzmann machines (DBMs) (Salakhutdinov
and Hinton, 2009), deep belief networks (DBNs) (Hinton et al., 2006). DBMs and DBNs in
particular were originally designed with multiple binary latent layers (Salakhutdinov, 2015).
Moreover, a collection of K binary latent variables yields 2% possible latent configurations,
so that a relatively small number of latent factors can encode a combinatorially large family
of data-generating regimes. This corresponds to a distributed representation in the usual
sense of representation learning: each regime is encoded by a pattern of activations across
multiple latent units, rather than a single categorical latent with 2% levels. These examples
show that discrete latents are sufficiently rich to capture complex data distributions while
yielding parsimonious representations and tractable identifiability analysis.

For the links between latent and observable variables, we adopt a specification in the
spirit of all-effect general-response CDMs (GR-CDMs) (Liu et al., 2025). Broadly speak-
ing, cognitive diagnosis models (CDMs) are latent variable models in which each subject
possesses a vector of binary latent attributes indicating mastery versus non-mastery on a
collection of skills, and each item is designed to depend only on a specified subset of these
attributes, typically encoded by a binary design matrix. Our CDM-style measurement layer
is motivated by the remarkable success of CDMs in educational measurement, where they
have proven to be powerful tools for modeling multidimensional discrete skills with both
mature identifiability theory (Lee and Gu, 2024) and rich representational capacity. In the
binary-response case, our parameterization naturally subsumes well-known models such as
the additive CDM (ACDM) and the generalized DINA (G-DINA) (de la Torre, 2011), while

for continuous responses it also includes extensions such as the continuous DINA (cDINA)
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model under positive outcomes (Minchen et al., 2017). In this way, the same decomposi-
tion provides a unified framework that accommodates polytomous, continuous, and mixed
responses, while allowing higher—order interactions when supported by data.

Prashant et al. (2025) investigate causal discovery in hierarchical latent-variable models
whose observed and latent variables are all modeled as continuous. While the functional
relationships among variables are quite flexible, their identifiability theory imposes a strong
structural restriction on the latent DAG: latent variables are partitioned into hierarchical
layers and edges are permitted only across layers. Consequently, the recoverable graphs are
essentially concatenations of bipartite graphs between successive layers. By contrast, our
framework allows arbitrary latent DAGs and provides a unified treatment of both continuous
and discrete observed variables.

Recent work by Dong et al. (2026) also studies a score-based greedy search procedure
for partially observed causal models. Their theory is developed for a linear-Gaussian latent-
variable SEM, where the greedy search compares maximized scores that depend on the
observed covariance matrix . In our framework, the latent variables are discrete and the
likelihood of X is not determined by > x alone. Therefore, the covariance-based Gaussian
scoring theory of Dong et al. (2026) is not applicable to our setting.

Kivva et al. (2021) consider a general latent-causal setting and reduce recovery to a
mixture-oracle problem. But as already discussed in Section 5, this generality comes at the

price of not performing well in all settings.
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